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Abstract
This paper is a continuation of our previous paper [7]. For simple complex Lie groups
with non-trivial center i.e. classical simply-connected groups, E6 and E7 we consider ellip-
tic Modified Calogero-Moser systems corresponding to the Higgs bundles with an arbitrary
characteristic class. These systems are generalization of the classical Calogero-Moser (CM)
systems related to a simple Lie groups and contain CM systems related to some (unbro-
ken) subalgebras. For all algebras we construct a special basis, corresponding to non-trivial
characteristic classes, the explicit forms of Lax operators and Hamiltonians.
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1 Introduction
This paper is a continuation of our previous paper [7]. Here we consider concrete implementation
of the generic formulae for all simple groups with a non-trivial center. In particular, we find the
structure of the unbroken Lie subalgebras g˜0 (see Table I in [7]). We refer the formulae from [7]
with a number I. The information about roots, weights and so on was taken from [1, 4].
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2 SL(N,C) - the root system AN−1
Roots and weights.
For the An, (n = N − 1) root system we have two groups G¯ = SL(N,C), Gad = PSL(N,C).
Choose the Cartan subalgebra H ⊂ g as an subalgebra of traceless diagonal matrices. Then H
can be identify with the hyperplane in CN H = {x = (x1, . . . , xN ) ∈ CN |
∑N
j=1 xj = 0 }. The
simple roots Π = {αk} = {α1 = e1 − e2 . . . , αN−1 = eN−1 − eN} form a basis in the dual space
H∗. Here {ej} j = 1, . . . , N is a canonical basis in CN . The vectors ej generate the set of roots
R = { (ej − ek) , j 6= k } of type AN−1. The minimal root is
α0 = −
∑
α∈Π
αk = eN − e1 . (2.1)
It defines the extended Dynkin diagram
Fig.1: An and action of λN−1
❢ ❢ ❡
✇
✠
✲ ✲
■
α1 α2 αn
α0
✲
Since the half-sum of positive roots is ρ = 12(N − 1, N − 3, . . . , 3 − N, 1 − N) and h = N ,
κ = ρh =
1
2N (N − 1, N − 3, . . . , 3−N, 1−N). For α = ek − ek+a the level (A.3.I) fα = a and
〈κ, α〉 = a/N (2.2)
(see (A.14.I)).
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We identify H∗ and H by means of the standard metric on CN . Then the coroot system
coincides with R, and the coroot lattice Q∨ coincides with Q
Q = {
∑
mjej |mj ∈ Z ,
∑
mj = 0} . (2.3)
The fundamental weights ̟k, (k = 1, . . . , N − 1), dual to the basis of simple roots Π∨ ∼ Π
(̟k(α
∨
k ) = δkj), are
̟j = e1 + . . .+ ej − j
N
N∑
l=1
el ,


̟1 = (
N−1
N ,− 1N , . . . ,− 1N )
̟2 = (
N−2
N ,
N−2
N , . . . ,− 2N )
. . .
̟N−1 = ( 1N ,
1
N , . . . ,
1−N
N ) .
(2.4)
In the basis of simple roots the fundamental weights are
̟k =
1
N
[(N − k)α1 + 2(N − k)α2 + . . . (k − 1)(N − k)αk−1
+k(N − k)αk + k(N − k − 1)αk+1 + . . . + kαN−1] .
Similar to the roots and coroots we identify the fundamental weights and the fundamental
coweights. They generate the weight (coweight) lattice
P ⊂ H , P = {
∑
l
nl̟l |nl ∈ Z} , or P = {
N∑
j=1
mjej , mj ∈ 1
N
Z , mj −mk ∈ Z} . (2.5)
or
P = Q+ Z̟N−1 , (̟N−1 = −eN + 1
N
N∑
j=1
ej) . (2.6)
Transition matrices.
The factor-group P∨/Q∨ ∼ P/Q is isomorphic to the center Z(SL(N,C)) ∼ µN . It is generated
by ζ = exp 2πi̟N−1. Following Proposition 3.1.I define λN−1 and its action on the extended
Dynkin diagram. Consider the fundamental alcove (A.17.I). It follows from (2.1) that
Calc = {0,̟1, . . . ,̟N−1} .
Thus, any fundamental weight generates a nontrivial Λ. For ξ = ̟N−1 in (3.10.I) we find the
corresponding transformation
λN−1 : ej → ej+1 , (αk → αk+1) . (2.7)
The action of λN−1 on Πext is presented on Fig.1. It means that in the canonical basis in CN
λN−1 acts as the permutation matrix
Λ = c


0 1 0 . . . 0
0 0 1 . . . 0
...
. . .
. . .
. . .
...
0 0 0 1
1 0 . . . 0 0

 , c =
{
1 , N = 2m+ 1
exp pii2m , N = 2m
. (2.8)
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Evidently, that Λ ∈ SL(N,C) and ΛN ∼ Id. On the other hand
Q = e (κ) = diag(e
(
N − 1
N
)
, e
(
N − 3
N
)
, . . . , e
(
1−N
N
)
) , (e(x) = exp (2πix)) . (2.9)
Thus,
[Λ,Q] = ζ , ζ = ω · Id , ω = e (1/N) ,
and ζ is an obstruction to lift a PSL(N,C)-bundle to a SL(N,C)-bundle. Since Ker (λN−1 −
1)|H = 0 H˜ = (see Proposition 3.1.I) the moduli space is empty set (see (3.29.I) and (3.32.I)).
Consider another extreme case when ξ lies in the root lattice Q. Then Λ = Id and H ∈ KerΛ.
Since [Λ,Q] = Id, the bundles have a trivial characteristic class.
Consider an intermediate case and assume that N has nontrivial divisors N = pl, (l 6= 1, N).
It can be found that
̟j → λj : ek → ek+N−j . (2.10)
Then there exists a sublattice Pl = Q + Z̟N−p , Q ⊂ Pl ⊂ P , such that P/Pl ∼ µl. It
follows from (2.10) that λN−p : ej → ej+p. Therefore, ΛN−p is equal the p-th degree of (2.8)
(ΛlN−p = Id) For ζp = e(̟N−p) = ω
pId , (ωN = 1) (3.3.I) takes the form
[ΛN−p,Q] = ωp · IdN , (2.11)
where Q is (2.9).
Define the factor group Gl
1→ µl → SL(N,C)→ Gl → 1 . (2.12)
It has the center Z(Gl) ∼ µp = Z/pZ. Therefore,
1→ µp → Gl → PSL(N,C)→ 1 .
The sublattice Pl is isomorphic the group of cocharcters t(Gl) (A.43.I)0
For the dual group LGl = Gp we have the similar exact sequences, where the role of l and p
are changed
1→ µp → SL(N,C)→ Gp → 1 ,
1→ µl → Gp → PSL(N,C)→ 1 . (2.13)
It follows from (2.12) and (2.13) that the cocycle H2(Στ , µl) is obstruction to lift Gl-bundles to
SL(N,C) bundles or to lift PSL(N,C)-bundles to Gp =
L Gl-bundles.
Bases
Sin-basis.
Consider the case ζ = exp(2πi̟N−1). Therefore Λ is (2.8) and all it orbits in R have the same
length N . The number of orbits is N − 1. In other words ♯R = N(N − 1). Let us take the root
subspaces E1,a (a 6= 1) as representatives of orbits in the space L. Then the basis (5.4.I) in L is
tca =
1√
N
N∑
m=1
ωmcE1+m,a+m , c = (0, . . . , N − 1) , ωN = 1 .
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In particular,
tc1 =
1√
N


0 ωc 0 . . . 0
0 0 ω2c . . . 0
...
. . .
. . .
. . .
...
0 ω(N−1)c
1 0 . . . . . . 0

 .
There is only one orbit in the Cartan subalgebra H under the action of λN−1
e1 → e2 → e3,→ . . . , eN , .
For the AN−1 roots it is convenient to pass to the canonical over-complete basis (e1, e2, . . . , eN ).
Then the basis (5.33.I) on H is
hc =
1√
N
N−1∑
m=0
ωmcem+1 =
1√
N
diag(1, ωc, . . . , ω(N−1)c) , (c = 1, . . . , N − 1) .
Essentially, (tca, h
c) form a basis of the sin-algebra [2].
If N is a primitive number then the center Z(SL(N,C)) = µN has not nontrivial subgroups.
Therefore, one can put in (3.9.I) ξ ∈ P . This case leads to the sin-basis. Another options is
ξ ∈ Q. In this case λ = Id and we come to the Chevalley basis (see Remark 5.1.I).
Generalized Sin-Basis in SL(N,C).
Let N = pl and ξ = ̟N−p generates ΛN−p = Λp. All orbits of µl have the length l. In the space
of bases E = {Ejk , j 6= k there are p(N − 1) orbits passing through the matrices
Es,s+a , (s = 1, . . . , p , a = 1, . . . , N , (modN)) . (2.14)
The off-diagonal basis is
tcs,k =
1√
l
l−1∑
m=0
ωmpcEs+mp,s+k+mp , ω
N = 1 , (2.15)
c = 0, . . . , l − 1 , s = 1, . . . , p , k = 1, . . . , N − 1 , (modN)) .
The pairing in this basis (5.8.I) assumes the form
(tas1,k, t
b
s2,j) = δk,−jδ
(a,−b ,mod l)δ(s1+k,s2+rp)ω
rpb , (s1 + k − s2 = rp) . (2.16)
Let (e1, . . . , eN ) be the canonical basis in H. There are p orbits of length l
e˜1 = e1 + ep+1 + . . .+ e(l−1)p+1
e˜2 = e2 + ep+2 + . . .+ e(l−1)p+2
. . .
e˜p = ep + e2p + . . .+ elp .
Let H˜0 ⊂ H be a Cartan subalgebra
H˜ = {u˜ =
p∑
j=1
uj e˜j |
p∑
j=1
uj = 0} .
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with the basis of simple coroots
Π˜∨ = {α˜∨k = e˜k − e˜k+1} . (2.17)
The simple roots
Π˜ = {α˜k = 1
l
(e˜k − e˜k+1)}
along with Π˜∨ generate Ap−1 type Cartan matrix ajk = 〈α˜∨j , α˜k〉. The simple coroots and the
subspaces
E˜i,a =
l−1∑
m=0
Ei+mp,i+a+mp , (1 ≤ i ≤ p , a = ±1,±2, . . . ± (p− 1)) (2.18)
form the Chevalley basis in the invariant subalgebra g˜0 = sl(p,C) (see Proposition 5.1).
It follows from (2.15) that the basis (5.29.I) in the space V (5.30.I) takes the form
V = {t0s,a =
1√
l
l−1∑
m=0
Es+mp,s+a+mp , (1 ≤ s ≤ p , p ≤ a ≤ N)} . (2.19)
Together with g˜0, V forms the invariant subalgebra
g0 = g˜0 = sl(p,C)⊕ . . .⊕ sl(p,C)︸ ︷︷ ︸
l
⊕(C⊕ . . .⊕ C)︸ ︷︷ ︸
l−1
Its structure is obtained from Πext by dropping l roots (αp, . . . , α(l−1)p, α0). This procedure
defines an automorphism of gAN−1 of order l = N/p.
The Killing form in g˜0 is
(e˜k, e˜j) = lδkj , (E˜i,a, E˜j,b) = lδa,−bδi+a,j , (mod p) (2.20)
and commutation relations
[e˜k, E˜i,a] = (δi,k − δi−k+a,0mod p)E˜i,a ,
[E˜i,a, E˜j,b] = δi+a,j mod pE˜i,a+b − δi,j+bmod pE˜j,a+b , (b 6= p− a) ,
[E˜i,a, E˜i+a,p−a] = e˜i − e˜j .
The basis in H is generated by e˜j and by
hcj =
1√
l
l−1∑
m=0
ωmpcej+mp , c = 1, . . . , l − 1 , j = 1, . . . , p (2.21)
with the pairing
(hc1j , h
c2
k ) = δj,kδ
c1,−c2 . (2.22)
The subspace gc in (5.1.I) is formed by the basis {hcj (2.21) , tcs,a (2.15) , c 6= 0}.
The general commutation relations in this basis
[tc1i,a, t
c2
j,b] =
1√
l
(
ω(i−j+a)c2δj,i+a (mod p)t
c1+c2
i,a+b − ω(j−i+b)c1δi,j+b (mod p)tc1+c2j,a+b
)
, (2.23)
[e˜i, t
c
i,a] = δj,it
c
i,a − δi,j+b (mod p)tcj,b , (2.24)
[hc1i , t
c2
j,b] =
1√
l
(
ω(i−j)c2δj,itc1+c2i,b − ω(j−i+b)c1δi,j+b (mod p)tc1+c2j,b
)
, (2.25)
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The Lax operators and the Hamiltonians.
Trivial bundles
For trivial bundles ξ ∈ Q, Λ = Id and H ⊂ KerΛ. One can consider trivial SL(N,C) or
PSL(N,C) bundles. They differ by their moduli spaces (3.21.I) or (3.22.I). At the case at hand
they assume the following form. Let
C+ = {u˜ ∈ CN |u1 ≥ u2 ≥ . . . ≥ uN}
be a positive Weyl chamber (A.8.I). Then (3.21.I) and (3.22.I) take the form
CSL = {u ∈ C+ |uj ∼ uj + τnj +mj , nj,mj ∈ Z ,
∑
j
nj =
∑
j
mj = 0} . (2.26)
CPSL = {u ∈ CSL |nj ,mj ∈ 1
N
Z , nj − nk ∈ Z , mj −mk ∈ Z } . (2.27)
The Lax operator is the SL(N), (or PSL(N)) and the Hamiltonian CM system are well-known
[3, 9, 12]
LCMSL(N) =
N∑
j=1
(vj + Sj)ej +
∑
j 6=k
Sjkφ(uk − uj , z)Ejk ,
HCMSL(N) =
1
2
N∑
j=1
v2j −
∑
j 6=k
SjkSkjE2(uj − uk) .
Nontrivial bundles
Define a moduli space of bundles with characteristic class ωp (2.11). Evidently,
H˜ = Ker(ΛN−p − 1)|H˜0 . Let Ql ⊂ Q be an invariant coroot lattice in H˜0 ⊂ sl(p,C)
Q∨l = {γ =
p∑
j=1
mj e˜j , mj ∈ Z ,
p∑
j=1
mj = 0} ,
generated by the simple coroots (2.17). It is an invariant sublattice of Q∨ with respect to the
ΛN−p action.
The fundamental coweights (〈 ˜̟ ∨j , α˜k〉 = δjk)
˜̟ ∨1 =
p−1
p e˜1 − 1p e˜2 − . . . 1p e˜p ,
˜̟ ∨2 =
p−2
p e˜1 +
p−2
p e˜2 − . . .− 2p e˜p ,
. . . . . .
˜̟ ∨p =
1
p e˜1 +
1
p e˜2 + . . .
1−p
p e˜p
form a basis in the coweight lattice
P∨l = {γ =
p∑
j=1
nj e˜j , nj ∈ 1
p
Z ,
p∑
j=1
nj = 0 , nj − nk ∈ Z} .
It is an invariant sublattice of P∨.
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Let W˜ is a permutation group of e˜1, . . . , e˜p. It is a Weyl group of R˜(Π˜). Define the semidirect
products (3.28.I), (3.31.I)
W˜BS = W˜ ⋉ (τQ
∨
l +Q
∨
l ) , W˜
ad
BS = W˜ ⋉ (τP
∨
l + P
∨
l ) .
The moduli space is defined as in (3.29.I), (3.31.I)
C(l) sc = H˜/W˜BS , C
(l) ad = H˜/W˜ adBS . (2.28)
Thus, for
C(l) sc : uj ∼ uj + τmj + nj , nj,mj ∈ Z ,
p∑
j=1
nj =
p∑
j=1
mj = 0 ,
and for
C(l) ad : uj ∼ uj + τmj + nj , nj,mj ∈ 1
p
Z ,
p∑
j=1
nj =
p∑
j=1
mj = 0 , nj − nk ∈ Z , mj −mk ∈ Z .
Define u˜ ∈ H such that
ui = us if i = s+mp . (2.29)
It means that u˜ ∈ H˜0, and u˜ =
∑p
i=1 uie˜i. The Lax operator L = L˜0 + L
′
0 +
∑l−1
a=1 La (6.16.I),
(6.17.I), (6.18.I) takes the form, (see (2.2))
La(z) =
p∑
j=1
Saj φ(
a
l
, z)haj +
N∑
i,k=1
Sai,ke(zk/N)φ(ui+k − ui + τk/N +
a
l
, z)tai,k ,
L˜0(z) =
p∑
i=1
(vi + SiE1(z))e˜i +
∑
i,k
S˜i,ke(zk/N)φ(ui+k − ui + τk/N, z)E˜i,k ,
L′0(z) =
∑
i,k
S
′
i,ke(zk/N)φ(ui+k − ui + τk/N, z)t0i,k . (2.30)
To come to an integrable system impose the moment constraints S˜H˜i = 0 (i = 1, . . . , p)
and the gauge fixing constraints. The calculation of the quadratic Hamiltonian is based on the
pairing relations (2.16), (2.22), (2.20). Using (5.1.I) and (2.16) we come to the Hamiltonian
H = H˜0 +H
′
0 +
[l/2]∑
k=1
Hk .
Here H˜0 is the sl(p) Calogero-Moser Hamiltonian
H˜0 = l
(1
2
p∑
i=1
v2i −
p∑
i=1
p−1∑
k=1
S˜i,kS˜i+k,−kE2(ui − ui+k)
)
.
For Ha and H
′
0 we have
H ′0 = −
1
2
p∑
i=1
N∑
k=p+1
S0i,kS
0
i+k+rp,−kE2(ui+k − ui + τk/N) ,
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Ha = −1
2
p∑
s=1
(
SasS
−a
s E2(a/l) +
N∑
k=1
ω−aipSas,kS
−a
s+k+rp,−kE2(us+r − us + a/l + τk/N)
)
.
These Hamiltonians and the corresponding Lax operators were obtained in [8]. The basis, used
there is not the GS basis. The corresponding Hamiltonians describe p interacting EA tops
with inertia tensors depending on u˜. This interpretation is specific for SL(N,C) (N = pl). In
particular, if ξ = ̟N−1, H˜0 = ∅ and we deal with the sin-basis. The corresponding bundle has
no moduli (p = 1, l = N). The invariant Hamiltonian H˜0 = 0 and H
′
0, Ha describe the so-called
the Elliptic top [6, 11].
3 SO(2n+ 1) , Spin(2n+ 1) , Bn root system.
Roots and weights.
For the Lie algebra Bn the universal covering group G¯ is Spin(2n + 1) and G
ad =SO(2n + 1).
The simple roots of Bn are
ΠBn = {αj = ej − ej+1 , j = 1, . . . , n− 1 , αn = en} ., (3.1)
and the minimal root is
α0 = −e1 − e2 = −(α1 + 2α2 + . . .+ 2αn) . (3.2)
Fig.2: Bn and action of λ1
❵❡
✉
❞ ❞ ❡ ❡
❧❧
α1
α0
α2 αl−1 αl
❄✻
The root system RBn contains 2n short roots ±ej (j = 1, . . . n) and 2n(n − 1) long roots
(ej ± ek) (j 6= k). The positive roots are
R+ = {(ej ± ek) , (j > k) , ej , (j, k = 1, . . . , n)} . (3.3)
The Weyl group of RBn is the semi-direct product of the permutation group Sn acting on ej
and the signs changing ej → −ej
WBn = Sn ⋉ (
∑
µ2) . (3.4)
The coroot basis Hα in HBn is formed by simple roots of the dual system
Π∨Bn = ΠCn = {αj = ej − ej+1 , j = 1, . . . , n− 1 , αn = 2en} . (3.5)
Π∨Bn generates the coroot lattice
Q∨Bn = QCn = {γ =
n∑
j=1
mjej |
n∑
j=1
mj is even} . (3.6)
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The half-sum of positive coroots is ρ∨Bn = ne2 + (n− 1)e2 + . . .+ 2en−1 + en, and since h = 2n
κBn = ρ/h =
1
2
e1 + (
1
2
− 1
2n
)e2 + . . .+
1
n
en−1 +
1
2n
en) . (3.7)
The dual to ΠBn the system of the fundamental coweights takes the form
{̟∨j = e1 + e2 + . . .+ ej , j = 1, . . . , n} .
It generates the coweight lattice
P∨Bn = PCn = {γ =
n∑
j=1
mjej |mj ∈ Z} . (3.8)
The factor group P∨Bn/Q
∨
Bn
∼ µ2 is isomorphic to the center of Spin(2n + 1). The center
is generated by the coweight ̟∨1 (ζ = e (̟
∨
1 )). It follows from (A.17.I) and (3.2) that the
fundamental alcove has the vertices
Calc = (0,̟
∨
1 ,
1
2
̟∨2 , . . . ,
1
2
̟∨n ) .
We use this expression to find λ1 corresponding to ξ = ̟
∨
1 : (3.10.I)
λ1 : (e1 → −e1 , ej → ej , (j = 2, . . . , n)) . (3.9)
It acts on ΠextBn as
λ1 : (α1 → α0 , αj → αj , (j = 2, . . . , n)) .
It is clear that H˜ = HBn−1 and the moduli vector is u˜ = (u2, . . . , un).
Bases.
The Chevalley basis
The Chevalley basis in gBn is generated by the simple coroots Π
∨
Cn
= ΠBn (3.1) in HBn and
by the root subspaces. To describe the Chevalley basis for the classical groups we use their
fundamental representations. For gBn it is a fundamental representation π1 corresponding to
the weight ̟1 = e1. It has dimension 2n+ 1. gBn becomes the Lie algebra of matrices of order
2n+ 1 satisfying the constraints
Zq + qZT = 0 ,
where q in the bilinear form
q =

 0 0 J0 1 0
J 0 0

 ,
and J is an n-th order anti-diagonal matrix
J =


1
1
1

 (3.10)
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Then Z takes the form
Z =

 A α Bβ˜T 0 −α˜T
C −β −A˜

 , B = B˜ , C = C˜ , X˜ = JXTJ , (3.11)
α = (α1, . . . , αn) , β = (β1, . . . , βn) , α˜ = αJ .
The basis in HBn is generated by the canonical basis (e1, . . . , en). Then the canonical basis
in π1(H) is
diag(e1, . . . , en, 0,−en, . . . ,−e1) .
The root subspaces in π1 are
(ej − ek) , j 6= k → G−jk = (Ej,k ∈ A− E2n+2−k,2n+2−j ∈ A , A˜) , (3.12)
j < k ∼ (positive roots) , j > k ∼ (negative roots) ,
(ej + ek) ,→ G+jk = (Ej,k+n+1 − En+1−k,2n+2−j) ∈ B ,C ,
ej ,→ G+j =
√
2(Ej,n+1 −En+1.2n+2−j) ∈ α , (positive roots) ,
−ej ,→ G−j =
√
2(En+1,j − E2n+2−j,n+1) ∈ β , (negative roots) .
The levels of positive roots are
fej−ek = k − j , fej = n− j + 1 , fej+ek = 2n − k − j + 22n . (3.13)
The Killing form normalized as in (A.24.I), (A.25.I) takes the form
(Z1, Z2) =
1
2
trZ1Z2 . (3.14)
Then
(G±jk,G
±
il ) = δkiδjl , (G
+
j ,G
−
k ) = 2δjk . (3.15)
The GS-basis
The Weyl transformation Λ1 in this basis is represented by the matrix
Λ1 =

 0 0 10 −Id2n−1 0
1 0 0

 .
Taking into account its action on Z (3.11) we find that Π1 = ΠBn−1 and Π˜
∨ = Π∨Bn−1 . Then
gBn = g0 + g1 , g0 = g˜0 + V , g˜0 = gBn−1 ,
dim gBn−1 = (n− 1)(2n − 1) , dim V = 2(n− 1) + 1 , dim g1 = 2(n − 1) + 2 ,
where V is the vector representation of g˜0 = so(2n−1). The invariant subalgebra g0 is isomorphic
to so(2n). Its Dynkin diagram is obtained from ΠextBn by dropping out the root αn [5].
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The space V + g1 is represented by matrices of the form

a ~x α ~y 0
(~z)J 0 0 0 −(~y)J
β 0 0 0 −α
(~w)J 0 0 0 −(~x)J
0 −~w −β −~z −a

 .
Since g˜0 is generated by a trivial orbit (l = 1), the GS-basis is formed by the Chevalley basis in
gBn−1 (3.12) and the GS generators in V + g1.
V =


t01,k =
1√
2
(E1,k + E2n+1,k − . . .) t01,n+1+k = 1√2 (E1,n+1+k + E2n+1,n+1+k − . . .) ,
t0j+n+1,1 =
1√
2
(Ej+n+1,1 + Ej+n+1,2n+1 − . . .) , t0j,1 = 1√2 (Ej,1 + Ej,2n+1 − . . .) ,
t0n+1,1 = (En+1,1 + En+1,2n+1 − . . .) , t01,n+1 = (E1,n+1 + E2n+1,n+1 − . . .) ,
g1 =


t11,k =
1√
2
(E1,k − E2n+1,k − . . .) t11,n+1+k = 1√2 (E1,n+1+k − E2n+1,n+1+k − . . .) ,
t1j+n+1,1 =
1√
2
(Ej+n+1,1 − Ej+n+1,2n+1 − . . .) , t1j,1 = 1√2 (Ej,1 − Ej,2n+1 − . . .) ,
t1n+1,1 =
1√
2
(En+1,1 − En+1,2n+1 − . . .) , t11,n+1 = 1√2(E1,n+1 − E2n+1,n+1 − . . .) ,
h11 =
√
2diag(e1, 0 . . . , 0− e1) .
From (5.9.I) (5.35.I) and (3.14) we find the dual basis
Tajk = t
a
kj , j or k 6= n+ 1 , H11 = h11 , Tan+1,1 =
1
2
ta1,n+1 , T
a
1,n+1 =
1
2
tan+1,1 . (3.16)
and
(ta1j , t
b
i1) =
{
δ(ab)δ(ji) i, j 6= n+ 1 ,
2δ(ab)δ(ji) i = n+ 1 ,
(h11, h
1
1) = 4 . (3.17)
The Lax operators and the Hamiltonians
Trivial bundles.
For trivial bundles the moduli space is described by the vector u = (u1, . . . , un). For a trivial
G¯ = Spin(2n+ 1)-bundles it means that
u ∈ HBn/WBn ⋉ (τQ∨ ⊕Q∨) , (3.18)
where WBn is defined in (3.4). For trivial SO(2n+ 1)-bundles we have
u ∈ HBn/WBn ⋉ (τP∨ ⊕ P∨) . (3.19)
The dual variables v = (v1, . . . , vn) vj ∈ C are the same in the both cases. The standard CM
Lax operator in the Chevalley basis is
LCMBn (z) =
n∑
j=1
(vj + S0,jE1(z))Ej +
∑
j 6=k
Sjkφ(uj − uk, z)G−jk (3.20)
+
∑
j 6=k
Sj,−kφ(uj + uk, z)G+j,k +
∑
j
S±j φ(uj , z)G
±
j ,
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where Ej = diag(0, . . . , 1, 0, . . . , 0,−1, 0, . . . , 0). The quadratic Hamiltonian after the reduction
with respect to the Cartan subgroup takes the form (see (3.15))
HCMBn =
1
2
n∑
j=1
v2j −
1
2
∑
j 6=k
((SjkSkjE2(uj − uk) + Sj,−kSk,−jE2(uj + uk))−
∑
j
S+j S
−
j E2(uj , z) .
(3.21)
Thus, we have two types of the standard CM systems with the same Hamiltonians and different
configuration spaces described by (3.18) and (3.19).
Nontrivial bundles
The GS-basis is described above. Now u˜ = (u2, u3, . . . , un) belongs to HBn−1 . In fact, u˜ belongs
to one of fundamental domains in HBn−1 (3.18), (3.19) under the action of the coweight and the
coroot lattices. Taking into account (3.13) and h = 2n we find from the general prescription
L1(z) = S
1
1φ(
1
2
, z)h11 + S
1
n+1,1e (
z
2
)φ(
1 + τ
2
, z)t11,n+1 + S
1
1,n+1e (−
z
2
)φ(
1 + τ
2
, z)t1n+1,1+
n∑
k=2
(
S1k,1e ((
k − 1
2n
)z)φ(
(k − 1)τ
2n
− uk + 1
2
, z)t11,k + S
1
1,ke ((
1 − k
2n
)z)φ(
(1 − k)τ
2n
+ uk +
1
2
, z)t1k,1
+S1n+1+k,1e (
2n+ 1− k
2n
z)φ(
(2n + 1− k)τ
2n
− uk + 1
2
, z)t11,n+1+k
+S11,n+1+ke (−
2n+ 1− k
2n
z)φ(uk − (2n+ 1− k)τ
2n
+
1
2
, z)t1k,1
)
,
L′0(z) = S
′
n+1,1e (
z
2
)φ(
τ
2
, z)t01,n+1 + S
′
1,n+1e (−
z
2
)φ(−τ
2
, z)t0n+1,1+
n∑
k=2
(
S′k,1e ((
k − 1
2n
)z)φ(
(k − 1)τ
2n
− uk, z)t01,k + S′1,ke ((
1 − k
2n
)z)φ(
(1 − k)τ
2n
+ uk, z)t
0
k,1
+S′n+1+k,1e (
2n + 1− k
2n
z)φ(
(2n + 1− k)τ
2n
− uk, z)t01,n+1+k
+S′1,n+1+ke (−
2n + 1− k
2n
z)φ(uk − (2n + 1− k)τ
2n
, z)t0k,1
)
.
The Lax operator L˜0(z) coincides with (3.20) after the corresponding replacement of indices.
Taking into account the pairing (3.17) after the reduction we come to the Hamiltonian
H = HCMBn−1 +H
′ +H1 ,
−H ′ = S′n+1,1S′1,n+1E2(
τ
2
)+
1
2
n∑
k=2
(
S′k,1S
′
1,kE2(uk−
(k − 1)τ
2n
)+S′n+1+k,1S
′
1,n+1+kE2(
(2n + 1− k)τ
2n
−uk)
)
,
−H1 = S1n+1,1S11,n+1E2(
1 + τ
2
) +
1
2
(S11)
2E2(
1
2
)+
1
2
n∑
k=2
(
S1k,1S
1
1,kE2(uk −
(k − 1)τ
2n
− 1
2
) + S′n+1+k,1S
′
1,n+1+kE2(
(2n + 1− k)τ
2n
− uk − 1
2
)
)
.
Again, we have two types of systems with the same Hamiltonians and different configuration
spaces described by (3.18) and (3.19), where u1 is omitted.
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4 Sp(n) - Cn root system.
Roots, weights and bases.
The algebra Lie gCn has rank n and dim (gCn) = 2n
2 + n. The system of simple roots ΠCn is
defined in (3.5). The minimal root is
− α0 = 2e1 = 2
n−1∑
j=1
αj + αn . (4.1)
There are 2n long roots 2e±j and 2n(n− 1) short roots ±ej ± ek, j 6= k. The Weyl group WCn
of R(Cn) coincides with WBn (3.4).
The levels of positive roots (A.3.I) are
fej−ek = k − j , f2ej = 2n− 2j + 1 , fej+ek = 2n− k − j + 1 . (4.2)
The simple coroots Π∨Cn = ΠBn (3.1) generates the coroot lattice
Q∨Cn = QBn = {γ =
n∑
j=1
mjej |mj ∈ Z} . (4.3)
Sinceρ∨Cn = (n− 12)e1 + (n− 32)e2 + . . .+ 32en−1 + 12en, and h = 2n
κCn = ρ/h = (
1
2
− 1
4n
)e1 + (
1
2
− 3
4n
)e2 + . . . +
3
4n
en−1 +
1
4n
en . (4.4)
The dual to ΠCn the system of the fundamental coweights takes the form
{̟∨j = e1 + e2 + . . . + ej , j = 1, . . . , n− 1 , ̟∨n =
1
2
n∑
j=1
ej} .
It generates the coweight lattice
P∨Cn = {γ =
n∑
j=1
Zej + Z(
1
2
n∑
j=1
ej)} . (4.5)
The factor-group P∨Cn/Q
∨
Cn
∼ µ2 is isomorphic to the center of Sp(n). The center is generated
by the coweight ̟∨n (ζ = e (̟∨n )). It follows from (A.17.I) and (4.1) that the fundamental alcove
has the vertices
Calc = (0,
1
2
̟∨1 , . . . ,
1
2
̟∨n−1,̟
∨
n ) .
We use this expression to find λn corresponding to ξ = ̟
∨
n (3.10.I). λn acts on the vertices of
Calc and, in this way, on ̟
∨
j , as
λn : (̟
∨
1 ↔ ̟∨n−1 , ̟∨2 ↔ ̟∨n−2 , . . . ,̟∨n ↔ 0) .
Then its action on ΠextCn assumes the form
λn : (α0 ↔ αn , α2 ↔ αn−2 , . . . αn ↔ α0, ) .
The action of λn on the canonical basis (e1, e2, . . . , en) takes the form
λn : (e1 ↔ −en , e2 ↔ −en−1 , . . .) . (4.6)
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If u =
∑
j ujej , then λn : (u1 ↔ −un , u2 ↔ −un−1 , . . .). We define the invariant vector u˜ in
the invariant basis e˜1 = e1 − en , e˜2 = e2 − en−1 , . . . , e˜l = el − el+1, l =
[
n
2
]
u˜ =
l∑
j=1
uj e˜j . (4.7)
② ❤ ❤ ❤ ✐ ❤
α0 α1
αn−1 αn
Fig.3 Cn and λn action
Bases.
The Chevalley basis
The Chevalley basis in gCn is generated by the simple coroots Π
∨
Cn
= ΠBn (3.1) in H and by the
root subspaces. It is convenient to define the Chevalley basis using a fundamental representation
π1 corresponding to the weight ̟1 = e1. It has dimension 2n. We define it as the Lie algebra
of matrices {Z} satisfying the constraints
Zq + qZT = 0 , Z ∈ π1 ,
where q in the bilinear form
q =
(
0 J
−J 0
)
,
and J is an n-th order anti-diagonal matrix (3.10). Then Z takes the form
Z =
(
A B
C −A˜
)
, B = B˜ , C = C˜ , X˜ = JXTJ . (4.8)
The basis in HCn is generated by the canonical basis (e1, . . . , en). Then the canonical basis in
π1(H) is
diag(e1, . . . , en,−en, . . . ,−e1) .
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The Killing form is similar to the Bn case (3.14) (Z1, Z2) =
1
2trZ1Z2.
The root subspaces in π1 are
(ej − ek) → G−jk = (Ej,k ∈ A− E2n+1−k,2n+1−j ∈ A˜), ,
(ej + ek) → G+jk = (Ej,k+n ∈ B + En+1−k,2n+1−j ∈ C) ,
(4.9)
j < k ∼ (positive roots) , j > k ∼ (negative roots)
2ej → G+j = Ej,j+n ∈ B , (positive roots) , − 2ej → G−j = Ej+n,j ∈ C (negative roots) .
The Killing form in this basis is
(G±jk,G
±
il ) = δkiδjl , (G
+
k ,G
−
j ) =
1
2
δjk . (4.10)
The GS-basis
The transformation λn (4.6) in π1 takes the form
Λn =
(
0 i Idn
i Idn 0
)
, λn(Z) =
( −A˜ C
B A
)
(4.11)
Since λ2n = Id
gCn = g0 + g1 , (4.12)
where
g0 =
{(
X Y
Y X
) | X˜ = −X
| Y˜ = Y
}
, g1 =
{(
X Y
−Y −X
) | X˜ = X
| Y˜ = Y
}
,
g0 = g˜0 + V , g˜0 =
{(
X 0
0 X
)}
, V =
{(
0 Y
Y 0
)}
, (4.13)
dim gCn = n(2n+ 1) , dim g˜0 =
1
2
n(n− 1) , dim V = 1
2
n(n+ 1) , dim g1 = n(n+ 1) .
A type of g˜0 depends on a parity of n. Note, that Π1 = An−1 (??) is generated by roots
(α1, . . . , αn−1). Let λn|HAn−1 = λ˜. We prove general Lemma about automorphisms of gAn−1
that will be applied to Cn and Dn algebras. Let (e1, . . . , en) be a canonical basis in HAn−1 and
Ej,k, (1 ≤ j < k ≤ n) is the root basis gAn−1 =sl(n,C). It follows from (4.6) and (4.11) that
the action of λ˜ on the Chevalley basis of HAn−1 takes the form
λ˜ :
{
(e1, e2 . . . , en) → (−en,−en−1, . . . ,−e1)
Ejk → −En−k+1,n−j+1 . . (4.14)
Lemma 4.1 Under the action (4.14) gAn−1 is decomposed as
gAn−1 = g˜0 + g˜1 ,
where
•
g˜0 =
{
gDn
2
n− even ,
gBn−1
2
n− odd .
with the defined below Chevalley bases (4.17), (4.19).
• g˜1 is a space of traceless symmetric matrices of order n (dim (g˜1) = 12n(n + 1) , and g˜0 acts
on g˜1 by commutators.
Proof
Let X ∈sl(n,C) be a traceless matrix of order n and
X˜ = JXTJ , Jik = δi,n−1−k .
It follows from (4.14) that λ˜(X) = −X˜ and the invariant subalgebra
g˜0 = gAn−1 + λ˜(gAn−1)
is the algebra of anti-invariant matrices with respect to the symmetric form Jjk
XJ + JXT = 0 .
Thus, g˜0 is the Lie algebra of orthogonal matrices SO(n,C) and we come to the first statement.
Similarly, for B ∈ g˜1
Y J − JY T = 0 . (4.15)
It means that g˜1 is the space of complex symmetric matrices with respect to the secondary
diagonal. In these terms the commutation relations in An−1 =sl(n,C) assume the form
[g˜0, g˜0] ⊂ g˜0 , [g˜0, g˜1] ⊂ g˜1 , [g˜1, g˜1] ⊂ g˜0 .
We construct the Chevalley basis in the invariant subalgebras. The λ˜ on the simple roots of
An−1 is
α1 ↔ αn−1 , α2 ↔ αn−2 , . . . ,


αn
2
−1 ↔ αn
2
+1 n even ,
αn
2
↔ αn
2
+1 n even ,
αn−1
2
−1 ↔ αn−1
2
+2 n odd ,
αn−1
2
↔ αn−1
2
+1 n odd ,
For n = 2l g˜0 = gDl = so(2l,C) the Chevalley basis is formed by the invariant coroots {α˜∨j ,
(j = 1, . . . , l)}, constructed from A2l−1 roots α1, . . . , α2l−1, and the root spaces basis
Π˜∨Dl = {α˜∨1 = α1 + α2l−1 , . . . , α˜∨l−1 = αl−1 + αl+1 , α˜∨l = αl−1 + 2αl + αl+1} = (4.16)
{α˜∨1 = e1−e2+en−1−en , . . . α˜∨l−1 = en2−1−en2 +en2+1−en2+2 , α˜
∨
l = en2−1+en2 −en2+1−en2+2} .
The simple roots dual to coroots are α˜j =
1
2 α˜
∨
j . The matrix ajk = 〈α˜j , α˜∨k 〉 is the Cartan matrix
Dl. The Chevalley generators corresponding to the simple roots are
E˜α˜j = Ej,j+1 − En−j,n−j+1 , j < l , E˜α˜l = El−1,l+1 − El,l+2 . (4.17)
For n = 2l + 1 the Chevalley basis of the g˜0 = gBl = so(2l + 1,C)-algebra (see Section 9)
takes the form
Π˜∨Bl = {α˜∨1 = α1 + α2l , . . . , α˜∨l−1 = αl−1 + αl+2 , α˜∨l = 2(αl + αl+1)} = (4.18)
{α˜∨1 = e1−e2+en−1−en , . . . α˜∨l−1 = en−1
2
−1−en−1
2
+en−1
2
+1−en−1
2
+2 , α˜
∨
l = 2(en−1
2
−1−en−1
2
+2)} .
E˜α˜j = Ej,j+1 − En−j,n−j+1 , j < l , E˜α˜l = El,l+1 − El+1,l+2 , j = l . (4.19)
The dual root system
Π˜Bl = {α˜1 =
1
2
α˜∨1 , . . . , α˜l−1 =
1
2
α˜∨n−1 , α˜l =
1
4
α˜∨l } .
leads to the Bl Cartan matrix ajk = 〈α˜j , α˜∨k 〉. 
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Remark 4.1 In this Lemma we have found the coroot basis in the invariant subalgebra H˜0 for
the special cases Cl, Dl . The expressions (4.16 ), (4.18 ) for α˜
∨
l replace the general formula
(5.26.I).
Basis in V and g1
We have constructed a basis in g˜0. Consider other component in (4.12), (4.13). The basis in
V = {B}, where B satisfies (4.15), has the form
t0j,k+n =
1√
2
(Ej,k+n + En+j,k + En−k+1,2n−j+1 + E2n−k+1,n−j+1) , (j 6= k) , (4.20)
t0j,n+j =
1√
2
(Ej,n+j + En+j,j) .
It is easy to find that the invariant subalgebra g0 = g˜0+V is isomorphic to gl(n). The form
of g0 is read off from from the extended Dynkin diagram for Π
ext
Cn
(Fig.3) by dropping out the
roots α0 and αn (see [5]).
The GS basis in g1 is represented as
h1j =
1√
2
(ej + en−j+1 − e2n−j+1 − en+j) , (j = 1, . . .
[n
2
]
) ,
t1j,n+k =
1√
2
(Ej,n+k + En−k+1,2n−j+1 − En+j,k − E2n−k+1,n−j+1) , (j 6= k) , (4.21)
t1j,k =
1√
2
(Ej,k + En−k+1,n−j+1 − En+j,n+k − E2n−k+1,2n−j+1) , (j 6= k) ,
t1j,n+j =
1√
2
(Ej,n+j − En+j,j) .
In terms of the GS basis the Killing form is
(taj,n+j, t
b
k,n+k) =
(−1)a
2
δjkδ
a,b , (tas,r+n, t
b
j,k+n) = (−1)aδskδrjδa,b , (4.22)
(t1s,r, t
1
j,k) = δskδrj , (h
1
j , h
1
k) = δjk .
The Lax operators and the Hamiltonians.
Trivial bundles.
For trivial bundles the moduli space is described by the vector u = (u1, . . . , un). If E is a
G¯ = Sp(n)-bundle
u ∈ HCn/WCn ⋉ (τQ∨Cn ⊕Q∨Cn) . (4.23)
For trivial Sp(n)/µ2-bundles
u ∈ H/WCn ⋉ (τP∨Cn ⊕ P∨Cn) . (4.24)
The dual variables v = (v1, . . . , vn) vj ∈ C are the same in the both cases. The standard CM
Lax operator in the Chevalley basis is
L(z) =
n∑
j=1
(vj + S0,jE1(z))ej +
∑
j 6=k
Sj,kφ(uj − uk, z)G−j,k (4.25)
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+
∑
j<k
Sj,k+nφ(uj + uk, z)G
+
j,k +
∑
j>k
Sj+n,kφ(−uj − uk, z)G+j,k
∑
j
(Sj,j+nφ(2uj , z)G
−
j + Sj+n,jφ(−2uj , z)G+j ) .
The quadratic Hamiltonian after the reduction with respect to the Cartan subgroup takes the
form (see (4.10))
HCMCn =
1
2
n∑
j=1
v2j−
1
2
∑
j 6=k
((Sj,kSk,jE2(uj−uk)+Sj,k+nSj+n,kE2(uj+uk))−1
4
∑
j
Sj,j+nSj+n,jE2(2uj , z) .
Thus, we have two types of the standard CM systems with the same Hamiltonians and different
configuration spaces described by (4.23) and (4.24).
Nontrivial bundles
Moduli space
Consider a bundle with a characteristic class defined by ζ = e (̟∨n ). The moduli space is
defined by vectors u˜ ∈ H˜0 (4.7).
Let n = 2l + 1 be an odd number. As it was explained above, H˜0 is a Cartan subalgebra of
gBl . The coroot lattice in H˜0 (4.3)
Q˜∨ = {γ =
l∑
j
mj e˜j ,
l∑
j
mj is even} (4.26)
is invariant sublattice in Q∨Cn (4.3). The coweight lattice in H˜0 (3.8)
P˜∨ = {γ =
l∑
j=1
mj e˜j |mj ∈ Z} .
Let W˜ =WBl be the Weyl group. A closer of the positive Weyl chamber for u˜ = (u1, . . . , ul) is
u1 ≥ u2 ≥ . . . ≥ ul ≥ 0 . (4.27)
There are two types of the moduli spaces defined as the quotient of H˜0
H˜0/(W˜ ⋉ (τQ˜
∨ + Q˜∨) , H˜0/(W˜ ⋉ (τP˜∨ + P˜∨) .
For n = 2l the invariant subalgebra is gDl . The structure of lattices for this algebra will be
described in Section 5. The invariant coroot sublattice is the same as above (4.26). The form
of the coweight sublattice depends on a parity of l.
Let l be odd. In this case
P˜∨ = Q˜∨ + Z(
1
2
l∑
j
e˜j) .
There is an intermediate sublattice
P˜∨2 = {γ =
l∑
j=1
mj e˜j |mj ∈ Z} . (4.28)
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Therefore, there are three types of the moduli spaces:
H˜0/(W˜ ⋉ (τQ˜
∨ + Q˜∨) , H˜0/(W˜ ⋉ (τP˜∨ + P˜∨) , H˜0/(W˜ ⋉ (τP˜∨2 + P˜
∨
2 ) .
For l even there are two type of coweight lattices
P˜L∨ = Q˜∨ + Z(
1
2
l∑
j
e˜j) , P˜
R∨ = Q˜∨ + Z
1
2
(
l−1∑
j
e˜j − e˜l)
and the intermediate sublattice P˜∨2 (4.28). In this case there are four types of the moduli spaces.
Lax operator
Using the general prescription for Lax operators (6.15.I), (6.17.I), (6.18.I), the GS basis
(4.20), (4.21), and (4.2) we define L in our case. The invariant operator L˜0(z) is the Lax
operator of the SO(n) CM system (3.20) and (6.26).
L1(z) =
n∑
j=1
(
Sjφ(
1
2
, z)h1j +
1
2
Sj,j+ne (
2n + 1− 2j
2n
z)φ(
(2n + 1− 2j)τ
2n
+
1
2
− 2uj , z)t1j,j+n
)
+
n∑
j 6=k
(
Sj,n+ke (
2n + 1− j − k
2n
z)φ(
(2n + 1− j − k)τ
2n
− uj − uk + 1
2
, z)t1j,n+k (4.29)
+Sj,ke (
k − j
n
z)φ(
(k − j)τ
n
− uj + uk + 1
2
, z)t1k,j
)
,
L′0(z) =
n∑
j 6=k
S
′
j,k+ne (
2n + 1− j − k
2n
z)φ(
(2n + 1− j − k)τ
2n
− uj − uk, z)t0j,k+n
+
1
2
n∑
j=1
S
′
j,n+je (
2n + 1− 2j
2n
z)φ(
(2n + 1− 2j)τ
2n
− 2uj , z)t0j,n+j . (4.30)
In these expressions the identification uj = −un+1−j as a result of λn action is assumed.
Hamiltonian
Due to the gradation the Hamiltonian contain three terms
H = H˜0 +H
′
0 +H1 ,
where H˜0 is the CM Hamiltonian related to SO(n,C) (3.21), (6.27). To define H
′
0 and H1 one
should take into account the Killing form (4.22). Then from (4.29) and (4.30) we find
H1 =
1
2
n∑
j=1
(
−S2jE2(
1
2
) + S2j,j+nE2(
(2n + 1− 2j)τ
2n
− 2uj + 1
2
)
)
−1
2
n∑
j<k
(
−Sj,k+nSk,j+nE2((2n + 1− j − k)τ
2n
−uj−uk− 1
2
)+Sj,kSk,jE2(
(k − j)τ
n
−uj+uk− 1
2
)
)
,
H ′0 = −
1
2
n∑
j<k
(
S′j,k+nS
′
k,j+nE2(
(2n + 1− j − k)τ
2n
−uj−uk)+1
2
(S′j,j+n)
2E2(
(2n + 1− 2j)τ
2n
−2uj)
)
.
As above uj = −un−j+1.
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5 SO(2n) , Spin(2n) . General construction
Roots and weights.
The Lie algebra Dn has dimension 2n
2 − n and rank n. The universal covering group G¯ is
Spin(2n) and Gad =SO(2n)/µ2. In terms of the canonical basis on HDn (e1, e2, . . . , en) simple
roots of Dn are ΠDn = {αj = ej − ej+1 , j = 1, . . . , n− 1 , αn = e1 + en}, and the minimal root
is
α0 = −e1 − e2 = −(α1 + 2α2 + . . .+ 2αn−2 + αn−1 + αn) . (5.1)
The roots of system RDn have the same length and ♯R = 2n(n− 1). The positive roots are
R+ = {(ej ± ek) , j, k = 1, . . . , n , (j > k)}. The levels of positive roots are
fej−ek = k − j , fej+ek = 2n− k − j . (5.2)
The Weyl group WDn of RDn is the semidirect product of permutations Sn and the sign
changes
Sn ⋉ (the sign changes ej → −ej) , (
n∏
j=1
(±1)j = 1) . (5.3)
The root and coroot systems coincide and RDn generates the root lattice
QDn = {γ =
n∑
j=1
mjej |
n∑
j=1
mj is even} . (5.4)
The half-sum of positive Dn coroots is ρDn = (n − 1)e1 + (n − 2)e2 + . . . + 2en−2 + en−1, and
since the Coxeter number h = 2n− 2
κ = ρ/h =
1
2
e1 + (
1
2
− 1
2(n − 1))e2 + . . .+ (
1
2
− j − 1
2n− 2)ej + . . .
1
2n− 2en−1 . (5.5)
The system of the fundamental weights takes the form
̟j = e1 + e2 + . . .+ ej , j = 1, . . . , n− 2 ,
̟n−1 =
1
2
(e1 + . . .+ en−1 − en) , ̟n = 1
2
(e1 + . . .+ en−1 + en) .
The weights ̟1, ̟n−1, and ̟n are the highest weights of the vector 2n, right spinors (2n−1)
R
and left spinors (2n−1)L representations.
We find from (A.17.I) and (5.1) that the fundamental alcove has the vertices
Calc = (0,̟1,
1
2
̟2, . . . ,
1
2
̟n−2,̟n−1,̟n) . (5.6)
The Chevalley basis
The Chevalley basis is convenient to define using a fundamental representation π1 corresponding
to the weight ̟1 = e1. It has dimension 2n. If the symmetric form is represented by the anti-
diagonal matrix as for Bn then Z ∈so(2n) takes the form
Z =
(
A B
C −A˜
)
, B = −B˜ , C = −C˜ , X˜ = JXTJ . (5.7)
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The basis in HDn is generated by the simple roots ΠDn in H (or by the canonical basis
(e1, . . . , en)). In π1 the canonical basis in HDn is diag(e1, . . . , en,−en, . . . ,−e1).
The root subspaces in π1 are
(ej − ek) , j < k → G−jk = (Ej,k(∈ A)− E2n+1−k,2n+1−j(∈ A˜), , (positive roots)
(ej − ek) , j > k → G−jk = (Ej,k(∈ A)− E2n+1−k,2n+1−j(∈ A˜)), , (negative roots) ,
(5.8)
(ej + ek) , j < k → G+jk = (Ej,k+n − En+1−k,2n+1−j) ∈ B (positive roots) ,
(ej + ek) , j > k → G+jk = (Ej+n,k − E2n+1−k,n+1−j) ∈ C (negative roots) .
The Killing form (A.25.I) takes the form
(G±jk,G
±
il ) = δjlδik . (5.9)
6 SO(2n) , Spin(2n) , n = 2l + 1.
Lattices and characteristic classes.
It follows from (5.4) that
̟j ∈ Q(Dn) for 1 < j < n− 1 , ̟1 ∼ 2̟n , ̟n−1 ∼ 3̟n , modQ(Dn) .
It means that
P (Dn) = Q(Dn) + Z̟n ∼ Q(Dn) + Z̟n−1 . (6.1)
The weight lattice P (Dn) contains a sublattice P2(Dn) of index two
P2(Dn) = Q(Dn) + Z̟1 = {
n∑
j=1
mjej |mj ∈ Z} . (6.2)
This lattice is self-dual P2(Dn) =
L P2(Dn) and isomorphic to the group of cocharcters P2(Dn) =
t(SO(2n)), (A.43.I), where SO(2n) = Spin(2n)/µ2. On the other hand, the weight lattice P (Dn)
is dual to the root lattice LP (Dn) = Q(Dn).
The center of Spin(2n) for odd n is Z(G¯) = PDn/QDn ∼ µ4. The group element ζ = e (ξ)
for ξ = ̟n generates µ4. Putting ξ = ̟n and Calc (5.6) in (3.10.I) we find λn
λn :
{
̟n → 0→ ̟n−1 → ̟1 → ̟n ,
̟j → ̟n−j , 1 < j < n− 1 .
}
,
{
α0 → αn → α1 → αn−1 → α0 ,
αj → αn−j , 1 < j < n− 1 .
}
.
In π1 the transformation takes the form
λn =


0 1 0 0
0 0 0 Idn−1
Idn−1 0 0 0
0 0 1 0


It acts on the basis elements in the space of 2n representation as(
1 , 2 , . . . , n− 1 , n , n+ 1 , n+ 2 , . . . , 2n − 1 , 2n
n , n+ 2 , . . . , 2n− 1 2n , 1 , 2 , . . . , n− 1 , n+ 1
)
. (6.3)
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In the canonical basis (e1, e2, . . . , en) λn is represented by the matrix
λn → Λjk =
{
δj,n−k+1 , j < n
−δj,n−k+1 , j = n . (6.4)
This transformation is an element of the Weyl group W (SO(2n)).
❞
❡ ❡ ❞
❞
❞t
♣
♣
α1
α2 αn−2
αn−1
αnα0 ✿
✛ ❥
✰
Fig.4 Dn, n-odd, λn
In a similar way the fundamental weight ̟n−1 generates the Weyl transformation
λn−1 :
{
̟n → ̟1 → ̟n−1 → 0→ ̟n ,
̟j → ̟n−j , 1 < j < n− 1 .
Thus, λn−1 = λ−1n and we will not consider this case.
Consider a subgroup of order two of Z(G¯) generated by ξ = ̟1. Acting as above we find
λ1 :


̟1 ↔ 0 ,
̟n−1 ↔ ̟n ,
̟j ↔ ̟j , 1 < j < n− 1 .
In terms of roots the action assumes the form
λ1 :


̟1 ↔ 0 ,
̟n−1 ↔ ̟n ,
̟j ↔ ̟j , 1 < j < n− 1 .

 ,


α0 ↔ α1 ,
αn ↔ αn−1 ,
αj ↔ αj , 1 < j ≤ n .

 . (6.5)
Explicitly, in π1
λ1 =


0 1
Idn−2 0
0 1
1 0
0 Idn−2
1 0

 ,
or (
1 , 2 , . . . , n− 1 , n , n+ 1 , n+ 2 , . . . , 2n − 1 , 2n
2n , 2 , . . . , n− 1 , n+ 1 , n , n+ 2 , . . . , 2n − 1 , 1
)
. (6.6)
In the canonical basis (e1, e2, . . . , en) λn is represented by the matrix
λ1 → Λjk =
{ −δj,k , j = 1, n
δj,k , j 6= 1, n . (6.7)
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The GS-basis.
For n odd
gDn = g0 + g1 + g2 + g3 , (λn(gk) = i
kgk) , (6.8)
where
g0 = g˜0 + V .
In Πext there are one orbit of length 4 and n−32 orbits of length 2. The former orbit passes
through α0 and the latter orbits contain Π1 = An−3. Since n− 3 is even it follows from Lemma
10.1 that g˜0 = gBn−3
2
. We will demonstrate it explicitly.
The subspaces in (6.8) can be read off from the λn-action. First we find that
g˜0 =


Z =


0 0
X 0
0
0 X
0 0

 , X = A(n−2) − A˜(n−2)


,
where A(n−2) is a matrix of order n− 2, A˜(n−2) = Jn−2A(n−2)Jn−2.
dim (g˜0) =
(n− 2)(n − 3)
2
.
It is easy to see that g˜0 has a type Bn−3
2
. Namely, {X = A(n−2) − A˜(n−2)} = so(n − 2). The
invariant Cartan subalgebra H˜ ⊂ g˜0 has a basis
e˜2 = e2 − en−1 , e˜3 = e3 − en−2 , . . . , e˜l = el − el+2 + en+l , (l = n− 3
2
) . (6.9)
An arbitrary element from H˜0 has the form
u˜ = diag (0, u2, . . . , ul, 0,−ul, . . . ,−u2, 0, 0, u2, . . . , ul, 0,−ul, . . . ,−u2, 0) . (6.10)
The space V is generated by its GS basis. In following formulas j = 2, . . . , n− 1
t01j =
1
2
(E1,j +En,n+j + E2n,j + En+1,n+j)− . . . , (j = 2, . . . , n− 1) (6.11)
t01,n =
1
2
(E1,n + En,2n + E2n,n+1 + En+1,1)− . . . ,
t0j,1 =
1
2
(Ej,1 + En+j,n + Ej,2n +En+j,n+1)− . . . , (j = 2, . . . , n− 1) ,
t0j,n+k =
1√
2
(Ej,n+k + En+j,k)− En−k+1,2n−j+1 − E2n−k+1,n−j+1 , (j, k = 2, . . . , n− 1) ,
where . . . means the antisymmetric part of Z (5.7). The latter generators form the adjoint
representation of g˜0 = so(n− 2). We have
dim (V ) =
1
2
(n− 2)(n − 3) + 2 · (n− 2) + 1 .
Let (n− 2), 1 be a vector and a scalar representations of so(n− 2). Then g0 is decomposed as
g0 = (g˜0 = so(n− 2)) + 2× (n− 2) + 1 + 1
2
(n− 2)(n − 3) , dim (g0) = n2 − 3n+ 3 .
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It is isomorphic to so(n−1)+ so(n−1)+1. This algebra is obtained from the extended Dynkin
diagram by dropping two middle roots. This procedure generates the automorphism of order
four [5].
The Killing form in V is defined by (5.8.I). We write down its nonzero components
(t0j1,n+k1 , t
0
j2,n+k2) = δj1,k2δk1,j2 , (t
0
1,j , t
0
j,1) = 1 , (t
0
1,n, t
0
1,n) = −1 . (6.12)
Formally, the last pairing vanishes. However, one can consider instead nontrivial pairing (t01,n, t
0
n,1).
The basic element t0n,1 is defined by the equivalent orbit passing through En,1. The sign minus
in the last pairing arises due to the antisymmetry of matrix Z.
Consider the GS basis in g1
h11 =
1√
2
(e1 + ien)− . . . , (6.13)
t11,j =
1
2
(E1,j + iEn,n+j − E2n,j − iEn+1,n+j) . . . , (j = 2, . . . , n− 1) ,
t11,n =
1
2
(E1,n + iEn,2n − E2n,n+11 − iEn+1,1)− . . . ,
t1j,1 =
1
2
(Ej,1 + iEn+j,n − Ej,2n − iEn+j,n+1)− . . . , (j = 2, . . . , n− 1) ,
dim g1 = 2(n− 2) + 2 = 2n− 2 .
The GS basis in g2 is
h11 =
1√
2
(e1 − en)− . . . ,
t21j =
1
2
(E1,j − En,n+j + E2n,j − En+1,n+j) . . . . (6.14)
t21n =
1
2
(E1,n −En,2n + E2n,n+1 −En+1,1)− . . . ,
t2j,1 =
1
2
(Ej,1 − En+j,n + Ej,2n −En+j,n+1)− . . . , (j = 2, . . . , n− 1) ,
t2j,n+k =
1√
2
(Ej,n+k − En+j,k)− . . . , (j, k = 2, . . . , n− 1) ,
t2j,k =
1√
2
(Ej,k + En+1−k,n+1−j)− . . . , (j, k = 2, . . . , n− 1) .
dim g2 = 2(n− 2) + 2 + (n− 2)(n− 3)
2
+
(n− 2)(n − 1)
2
= n2 − 2n+ 1 .
Finely, the GS basis in g3 is
h31 =
1√
2
(e1 − ien)− . . . , (6.15)
t31j =
1
2
(E1,j − iEn,n+j − E2n,j + iEn+1,n+j) . . . , (j = 2, . . . , n− 1) ,
t31n =
1
2
(E1n − iEn,2n − E2n,n+1 + iEn+1,1)− . . . ,
t3j,1 =
1
2
(Ej,1 − iEn+j,n − Ej,2n + iEn+j,n+1)− . . . , (j = 2, . . . , n− 1) ,
25
dim g3 = 2(n− 2) + 2 = 2n− 2 .
It follows from (5.8.I) that there is a nontrivial pairing (g2, g2) and (g1, g3). For the basis we
have
(h11, h
3
1) = 1 , (t
1
1,j , t
3
j,1) = 1 , (t
3
1,j , t
1
1,j) = 1 , (t
1
1,n, t
3
1,n) = −1 , (6.16)
(h21, h
2
1) = 1 , (t
2
1j , t
2
j,1) = 1 , (t
2
1,n, t
2
1,n) = −1 ,
(t2j1,k1 , t
2
j2,k2) = δj1,k2δj2,k1 , (t
2
j1,n+k1 , t
2
j2,n+k2) = −δj1,k2δj2,k1 . (6.17)
Consider the GS-basis corresponding to λ1 (6.6). In this case
gDn = g0 + g1 , (λ1(gk) = (−1)kgk) ,
g0 = g˜0 + V , g˜0 = gBn−2 = so(2n− 3) .
Then Z ∈ g˜0 if
Z =


0 0 0 0 0 0
0 A(n−2) ajn ajn B(n−2) 0
0 anj 0 0 −aTjn 0
0 anj 0 0 −aTjn 0
C(n−2) −aTnj −aTnj −A˜(n−2) 0
0 0 0 0 0 0


∈ so(2n − 3) .
Here A(n−2), B(n−2) and C(n−2) are matrices of order n− 2, A˜(n−2) = J(A(n−2))TJ and
B˜(n−2) = −B(n−2), C˜(n−2) = −C(n−2).
The Cartan subalgebra H˜0 ∼ HBn−2 has the form
H˜0 = {u˜ = diag(0, u2, . . . , un−1, 0, 0,−un−1, . . . ,−u2, 0} . (6.18)
For Z ∈ V we have
Z =


0 a1j a1n b11 −aTj1 0
aj1 0 0 0 0 aj1
−a1n 0 0 0 0 −b11
−b11 0 0 0 0 −a1n
−aT1j 0 0 0 0 −aT1j
0 a1j b11 a1n −aTj1 0

 ,
V = 2(n− 2) + 1 + 1 .
Here 2(n − 2) + 1 is a vector representation of Bn−2 =so(2n− 3). The GS-basis in V takes the
form
t01,n =
1√
2
(E1,n + E2n,n+1)− . . . , t01,j =
1√
2
(E1,j + E2n,j)− . . . , (j = 2, . . . , n− 1) , (6.19)
t0n,1 =
1√
2
(En,1 + En+1,2n)− . . . , t0j,1 =
1√
2
(Ej,1 + Ej,2n)− . . . , (j = 2, . . . , n− 1) .
As above, . . . means the antisymmetric partners of the generators. Thus
dim g0 = dim gBn−2 + dim V = 2n
2 − 5n + 4 .
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The invariant subalgebra g0 is isomorphic to so(2n − 2) + 1. It is obtained from the extended
Dynkin diagram for so(2n) by dropping two roots roots α1 and α0. This procedure provides
the second order automorphism [5] that we consider.
Non-vanishing components of the Killing form on V are
(t01,n, t
0
n,1) = −1 , (t01,j , t0j,1) = 1 . (6.20)
Consider the GS-basis in g1
h11 = e1 , h
1
n = en , (6.21)
t11,j =
1√
2
(E1,j − E2n,j) . . . , t11,n =
1√
2
(E1,n − E2n,n+1)− . . . ,
t1n,1 =
1√
2
(En,1 −En+1,2n)− . . . , t1j,1 =
1√
2
(Ej,1 −Ej,2n)− . . . ,
The Killing form on this basis assumes the form
(h11, h
1
1) = 1 , (h
1
n, h
1
n) = 1 , (t
1
1,n, t
1
n,1) = 1 , (t
1
1,j , t
1
j,1) = 1 . (6.22)
The Lax operators and the Hamiltonians.
Trivial bundles.
The moduli space for the trivial G¯ = Spin(2n)- bundles is the quotient HDn/(WDn⋉ (τQ(Dn)+
Q(Dn))), where WDn is defined in (5.3). It implies that
uj ∼ uj +mj + njτ , nj ,mj ∈ Z ,
n∑
j=1
mj and
n∑
j=1
nj is even (6.23)
(see (5.4)).
For trivial Gad = SO(2n)/µ2-bundles the moduli space is HDn/(W ⋉ (τP (Dn) + P (Dn))),
where P (Dn) is the Dn-weight lattice (6.1). In this case instead of the shifts (6.23) the moduli
space is defined up to the shifts
uj ∼ uj +mj + njτ , nj ,mj ∈ Z or ∈ 1
2
+ Z, . (6.24)
The intermediate situation arises for trivial SO(2n)-bundles. In this case u is defined up to
the shifts
uj ∼ uj + τmj + nj , mj, nj ∈ Z . (6.25)
For all Spin(2n), SO(2n) SO(2n)/µ2 trivial bundles we have the same Lax operator
L(z) =
n∑
j=1
(vj+S0,jE1(z))ej+
n∑
j 6=k
Sk,jφ(uj−uk, z)G−j,k+
n∑
j 6=k
Sk+n,jφ(uj+uk, z)G
+
j,k+n , (6.26)
and the same CM Hamiltonian
H =
1
2
n∑
j=1
v2j −
n∑
j 6=k
Sj,kSk,jE2(uj − uk)−
n∑
j 6=k
Sj,k+nSj+n,kE2(uj + uk) , (6.27)
but different configuration spaces (6.23), (6.24), (6.25).
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Nontrivial bundles.
The moduli space.
Consider a bundle with a nontrivial characteristic class generated by the weight ̟n. The moduli
space is a quotient of H˜0 = {u˜ =
∑l
j=1 uj e˜j}, l = n−32 , (see (6.10)), where H˜0 is a Cartan
subalgebra of the invariant algebra g˜0 = gBl = so(n− 3).
Following (3.6) and (3.8) we construct invariant coroot and coweight sublattices
Q˜∨(Bl) = {
l∑
j=1
mj e˜j , mj ∈ Z ,
l∑
j=1
mj − even} , P˜∨(Bl) = {
l∑
j=1
mj e˜j , mj ∈ Z} .
where {e˜j} is the invariant basis (6.9). Therefore, there are two types of the moduli spaces.
They are defined up to the shifts by a vector u˜
u˜ ∼ u˜+ τγ1 + γ2 , γj ∈ Q˜∨(Bl) , or P˜∨(Bl) .
The nontrivial Spin2n, SO(2n), SO(2n)/µ2 - bundles with the characteristic class ̟n have the
same moduli space as trivial Spinn−2, SO(n − 2)-bundles. Two fundamental domains describe
these moduli spaces.
Let us define the moduli space of bundles with nontrivial characteristic class generated by the
weight ̟1. In this case Π1 = ΠDn−1 and Π˜ = ΠBn−2 (g˜0 = so(2n− 3)). Then u˜ ∈ HBn−2 (6.18).
Two lattices Q˜∨(Bn−2), P˜∨(Bn−2) in HBn−2 (3.6), (3.8) defines two fundamental domains
u˜ ∼ u˜+ τγ1 + γ2 , γj ∈ Q˜∨(Bn−2) , or P˜∨(Bn−2) .
They are the moduli spaces of trivial Spin2n−3, SO(2n− 3)-bundles.
The Lax operators and Hamiltonians.
In the GS-basis corresponding to the characteristic class ̟n the Lax operator is decomposed as
L = L˜0 + L
′
0 + L1 + L2 + L3 ,
where L˜0 is a Lax operator corresponding to the trivial SO(n − 2) bundle (3.20). The other
components take the form
L′0 = S
′
1,ne (z/2)φ(
1
2
, z)t01,n+
n−1∑
j=2
(
S′j,1e (
j − 1
2n− 2z)φ(
j − 1
2n − 2τ − uj, z)t
0
1,j + S
′
1,je (
1− j
2n − 2z)φ(
1− j
2n − 2τ + uj, z)t
0
j,1
+
n−2∑
k=1
S′k,n+je (
2n− k − j
2n− 2 z)φ(
2n − k − j
2n − 2 τ − uj − uk, z)t
0
j,k+n
)
.
Here uj are elements of the diagonal matrix (6.10) ui = −un−i, (i = 2, . . . , l).
Lk=1,3 = S
4−k
1 φ(
k
4
, z)hk1 + S
4−k
1,n e(zk/4)φ(k/4, z)t
k
1,n
+
n−1∑
j=2
(
S4−kj,1 e (
j − 1
2n − 2z)φ(
j − 1
2n − 2τ −uj+
k
4
, z)tk1,j +S
4−k
1,j e (
1− j
2n− 2z)φ(
1− j
2n − 2τ +uj−
k
4
, z)tkj,1
)
,
L2 = S
2
1,ne(z/2)φ(1/2, z)t
2
1,n + S
2
1e(z/2)φ(1/2, z)h
2
1+
28
n−1∑
j=2
(
S2j,1e (
j − 1
2n − 2z)φ(
(j − 1)τ
2n− 2 − uj +
1
2
, z)t21,j + S
2
1,je (
1− j
2n − 2z)φ(
1− j
2n − 2τ + uj −
1
2
, z)t2j,1+
n−1∑
m=2,m6=j
S2m,j+ne (
2n−m− j
2n− 2 z)φ(
2n −m− j
2n− 2 τ − uj − um −
1
2
, z)t2j,m+n
+
n−1∑
m=2,m6=j
S2m,je (
m− j
2n − 2z)φ(
(m − j)
2n − 2 τ − uj + um −
1
2
, z)t2j,m
)
.
After the symplectic reduction with respect to the Cartan subgroup H˜ we come to Hamilto-
nians of integrable systems
H = H˜0 +H
′
0 +H2 ,
where H˜0 is the Hamiltonian of Bl CM system (3.21),
H ′0 =
1
2
(L′0(z), L
′
0(z))|const. part , H2 = (L1(z), L3(z)) +
1
2
(L2(z), L2(z))|const. part .
From (6.12) and (6.17) we find
−H ′0 =
1
2
(
−(S′1,n)2E2(
1
2
)+
n−1∑
j=2
S′1,jS
′
j,1E2(
j − 1
2n − 2τ−uj)+
n−1∑
k 6=j
S′j,n+kS
′
k,n+jE2(
2n− k − j
2n− 2 τ−uj−uk)
)
,
H2 = (S
1
1S
3
1 − S11,nS31,n)E2(1/4) −
1
2
(S21,n)
2E2(
1
2
) +
1
2
n−1∑
j 6=m
S2j,mS
2
m,jE2(
m− j
2n − 2τ − uj + um −
1
2
)
+
n−1∑
j=2
(S1j,1S
3
j,1+S
3
j,1S
1
j,1)E2(
1− j
2n− 2τ+uj−
1
4
)+
1
2
n−1∑
j 6=m
(S2j,m+nS
2
m+n,jE2(
2n −m− j
2n− 2 τ−uj−um−
1
2
) .
Consider systems corresponding to the characteristic class̟1. In this case using the GS-basis
(6.19), (6.21) we define L = L˜0 + L
′
0 + L1 , where L˜0 is the Lax operator of Bn−2 (3.20),
L′0(z) = S
′
n,1e (
1
2
z)φ(τ/2, z)t01,n + S
′
1,ne (−
1
2
z)φ(τ/2, z)t0n,1+
n−1∑
j=2
(
S′1,je (
j − 1
2n− 2z)φ(
(j − 1)τ
2n− 2 + uj , z)t
0
1j + S
′
j,1e (
1− j
2n − 2z)φ(
(1 − j)τ
2n− 2 − uj , z)t
0
j,1
)
,
L1(z) = (S
1
1h
1
1 + S
1
nh
1
n)φ(
1
2
, z) + (S11,nt
1
n,1 + S
1
n,1t
1
1,n)e (
1
2
z)φ(
1
2
(1 + τ), z)
+
n−1∑
j=2
(
Sk1,je (
j − 1
2n− 2)φ(
(j − 1)τ
2n− 2 − uj +
1
2
, z)t11j + S
1
j,1e (
1− j
2n− 2)φ(
(1 − j)τ
2n − 2 + uj +
1
2
, z)t1j,1
)
.
Then we come to the Hamiltonians H˜0 = HB n−3
2
(3.21) and
H ′0 = −
1
2
S′1,nS
′
n,1℘(τ/2) +
n−1∑
j=2
S′1,jS
′
j,1E2(
(j − 1)τ
2n− 2 − uj) ,
−2H1 = ((S11)2 + (S1n)2)E2(
1
2
) +
n−1∑
j=2
S11,jS
1
j,1E2(
(j − 1)τ
2n− 2 +
1
2
− uj) + S11,nS1n,1E2(
1
2
(1 + τ)) .
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7 SO(2n) , Spin(2n) , n = 2l.
Lattices and characteristic classes
For n = 2l
P (Dn) = Q(Dn) + Z̟a + Z̟b , a, b = (1, n − 1, n) , a 6= b . (7.1)
The weight lattice P (Dn) contains apart from Q(Dn) three sublattices of index 2 generated by
these weights
P V (Dn) = Q(Dn) + Z̟1 , (7.2)
PR(Dn) = Q(Dn) + Z̟n−1 , PL(Dn) = Q(Dn) + Z̟n .
The sublattice P V (Dn) is self-dual. If n = 8l then
L(PR(Dn)) = P
L(Dn). For n = 8l + 4
L(PR(Dn)) = P
R(Dn), and
L(PL(Dn)) = P
L(Dn). In other words, we have the following
hierarchy of the lattices
P
ւ ↓ ց
PR P V PL
ց ↓ ւ
Q
The center of Spin(2n) for even n is Z(G¯) ∼ µ2 × µ2. The group element ζ = e (ξ) for
ξ = ̟n generates one of the subgroups µ2. Putting ξ = ̟n and Calc (5.6) in (3.10.I) we find λn
λn :
{
0↔ ̟n , ̟1 ↔ ̟n−1 ,
̟j ↔ ̟n−j , 1 < j < n− 1 .
In terms of roots the action assumes the form α0 ↔ αn , α1 ↔ αn−1 , . . . αj ↔ αn−j ,
1 < j < n− 1. In the representation π1 (5.7) the λn action takes the form
λn =
(
0 Idn
Idn 0
)
.
Its action on the indices of the basis (e1, e2, . . . , e2n) is
λn :
(
1 j n n+ 1 n+ j 2n
n+ 1 n+ j 2n 1 j n
)
. (7.3)
In the canonical basis (e1, e2, . . . , en) λn in HD2l is represented by the matrix
λn → Ejk = −δj,n−k+1 .
❞
❡ ❡ ❞
❞
❞t
♣
♣
α1
α2 αn−2
αn−1
αnα0
❥
q
✿
Fig.5 Dn, n-even, λn
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Let us take ξ = ̟n−1. Then the corresponding Weyl transformation λn−1 acts on Calc as
λn−1 :
{
0↔ ̟n−1 , ̟1 ↔ ̟n ,
̟j ↔ ̟n−j , 1 < j < n− 1 ,
or αn−1 ↔ α0 , αn ↔ α1 , αj ↔ αn−j , 1 < j < n− 1 .
❞
❡ ❡ ❞
❞
❞t
♣
♣
α1
α2 αn−2
αn−1
αnα0
✛
✰
Fig.6 Dn, n-even, λn−1
In the representation π1 (5.7) the λn−1 action takes the form
λn−1 =


0 0 1 0 0 0
0 0 0 0 Idn−2 0
1 0 0 0 0
0 0 0 0 1
0 Idn−2 0 0 0 0
0 0 0 1 0 0

 .
It is conjugated to λn by the matrix

Idn−1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 Idn−1

 .
We will not consider the corresponding GS basis.
The case ξ = ̟∨1 was already considered (6.6). In this case g˜0 = so(2n− 3).
The GS-basis.
The λn action on Z in π1 takes the form
λn(Z) = λn
(
A B
C −A˜
)
=
( −A˜ C
B A
)
,
Since λ2n = Id
gDn = g0 + g1 , (7.4)
where
g0 =
{(
X Y
Y X
) | X˜ = −X
| Y˜ = −Y
}
, g1 =
{(
X Y
−Y −X
) | X˜ = X
| Y˜ = −Y
}
,
where
g0 = g˜0 + V , g˜0 =
{(
X 0
0 X
)}
, V =
{(
0 Y
Y 0
)}
. (7.5)
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According to Lemma 9.1 g˜0 = gDn
2
= so(n). The Cartan subalgebra H˜0 in g0 has the basis
e˜1 = diag(1, 0, . . . , 0,−1, 1, 0, . . . , 0,−1) ,
e˜2 = diag(0, 1, . . . ,−1, 0, 0, 1, . . . ,−1, 0) ,
. . . . . . ,
e˜l = diag(0, . . . , 1,−1, . . . , 0, 0, . . . , 1,−1, . . . , 0) .
(7.6)
It defines the moduli space of the SO(2n,C)-bundles with characteristic class corresponding to
̟n
H˜0 = {u˜ =
l∑
j=1
uj e˜j} . (7.7)
From (7.3) the GS-basis in V takes the form
t0j,n+k =
1√
2
(Ej,n+k+En+j,k−En−k+1,2n−j+1−E2n−k+1,n−j+1) , (j, k = 1, . . . , n , j 6= k) (7.8)
with the Killing form
(t0j1,n+k1 , t
0
j2,n+k2) = δj1,k2δk1,j2 . (7.9)
The GS-basis in g1 is
h1j =
1√
2
(ej − en+j + en−j+1 − e2n−j+1) , (j = 1, . . . , l) ,
t1j,k =
1√
2
(Ej,k − En+j,n+k +En−k+1,n−j+1 − E2n−k+1,2n−j+1) , (j, k = 1, . . . , l) , (7.10)
t1j,n+k =
1√
2
(Ej,n+k −En+j,k − En−k+1,2n−j+1 + E2n−k+1,n−j+1) , (j, k = 1, . . . , l , j 6= k) ,
with the Killing form
(h1j , h
1
k) = δj.k , (t
1
j1,k1 , t
1
j2,k2) = δj1,k2δj2,k1 , (7.11)
(t1j1,n+k1 , t
1
j2,n+k2) = −δj1,k2δj2,k1 .
The GS-basis and the Lax operator related to the characteristic class defined by ̟n−1 are
conjugated to the GS-basis and the Lax operator related to the characteristic class defined by
̟n. Therefore the corresponding Hamiltonians coincide.
Lax operators and Hamiltonians.
Consider a bundle with nontrivial characteristic class generated by the weight ̟n. The moduli
space is a quotient of H˜0 = {u˜ =
∑l
j=1 uj e˜j}, l = n2 , where H˜0 is a Cartan subalgebra of the
invariant algebra g˜0 = gDl (7.7)
For l odd there are three types of invariant sublattices Q˜(Dl) (5.4), P˜ (Dl) (6.1) and P˜2(Dl)
(6.2). They define three types of moduli spaces for these bundles as the fundamental domains
u˜ ∼ u˜+ γ1τ + γ2 , γj ∈ Q˜(Dl) , or P˜ (Dl) , or P˜2(Dl) . (7.12)
For l even the invariant sublattices are Q˜(Dl), P˜
L(Dl), P˜
R(Dl) and P˜
V (Dl) (7.2). Therefore,
in this case there are four types of the moduli spaces.
u˜ ∼ u˜+ γ1τ + γ2 , γj ∈ Q˜(Dl) , or P˜L(Dl) , or P˜R(Dl) or P˜ V (Dl) . (7.13)
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Consider the Lax operator for bundles with the characteristic class defined by ̟n in the
GS-basis (7.8), (7.10) L = L˜0 + L
′
0 + L1. Here L˜0 is the Lax operator of Dn2 ,
L′0(z) =
n∑
j 6=k
S′k,n+je (
2n− j − k
2n − 2 z)φ(
2n − j − k
2n − 2 τ − uj − uk, z)t
0
j,n+k ,
L1(z) =
n∑
j=1
S1jφ(
1
2
, z)h1j +
n∑
j 6=k
S1j,ke (
k − j
2n − 2z)φ(
k − j
2n − 2τ − uj + uk +
1
2
, z)t1k,j
−
n∑
j 6=k
S1j,n+ke (
2n− j − k
2n − 2 z)φ(
2n − j − k
2n − 2 τ − uj − uk −
1
2
, z)t1k,n+j .
From (7.9) and (7.11) after the diagonal reduction we come to the Hamiltonians
H ′0 = −
1
2
n∑
j 6=k
S1j,n+kS
1
k,n+jE2(
2n − j − k
2n− 2 τ − uj − uk) ,
H1 = −1
2
n∑
j=1
(S1j )
2E2(
1
2
)− 1
2
n∑
j 6=k
S1j,kS
1
k,jE2(
k − j
2n− 2τ − uj + uk −
1
2
)
+
1
2
n∑
j 6=k
S1j,n+kS
1
n+k,jE2(
2n− j − k
2n− 2 τ − uj − uk −
1
2
) .
Note that in all expressions uj = −un+1−j.
Summarizing, the Hamiltonian HCMDl +H
′
0+H1 describes the integrable systems correspond-
ing to the bundles with characteristic classes defined by ̟n, or ̟n−1 with the moduli spaces
(7.12) for l odd, or (7.13) for l even.
8 E6 .
Roots and weights
The Cartan subalgebra of the Lie algebra e6 is the space
H(e6) = {u ∈ C7 |u5 + u6 + u7 = 0} . (8.1)
The root system R(e6) is related to the root system R(so(8)) of so(8)
R(so(8)) =
4∑
j 6=k
±ej ± ek , ♯ (R(so(8))) = 24 .
Let
PL = {̟La } , PR = {̟Ra } , P V = {̟Va } , (a = 1, . . . , 8)
be the weights of the left (L) and right (R) spinor representations 8L, 8R and the vector repre-
sentation (V) 8V of so(8). They are equal to the following combinations of the basic vectors
̟La → 12
∑4
k=1±ek , even number of negative terms ,
̟Ra → 12
∑4
k=1±ek , odd number of negative terms ,
̟Va → ±ek .
(8.2)
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In these terms
R(e6) = R(so(8)) ∪ (PL ± 1√
2
(e5 − e7)) ∪ (PR ± 1√
2
(e5 − e6)) ∪ (P V ± 1√
2
(e6 − e7)) = (8.3)
R(so(8))∪{αLa,± = (̟La ±
1√
2
(e5−e7)) , αRa,± = (̟Ra ±
1√
2
(e5−e6)) , αVa,± = (̟Va ±
1√
2
(e6−e7))} .
The systems of e6 roots is self-dual and the corresponding Dynkin diagram is simply-laced.
Since ♯(PL) = ♯(PR) = ♯(P V ) = 16 the number of roots is equal ♯(R(e6)) = 24+16+16+16 =
72. We have from here dim e6 = ranke6 + ♯(R(e6)) = 78.
It follows from here that so(8) is subalgebra of e6. It can be found that
e6 = so(8) ⊕J = 28 + 50 , (8.4)
where J is a representation space of so(8). It is decomposed on irreducible components as
J = 2× 1 + 2× 8L + 2× 8R + 2× 8R . (8.5)
Here two scalar representations complete the Cartan subalgebra H(so(8)) to the Cartan subal-
gebra H(e6) (8.1).
The basis of simple roots can be chosen as
Π =


α1 =
1
2(e4 − e3 − e2 − e1) + 1√2 (e5 − e6) ,
α2 = e3 − e4 ,
α3 = e2 − e3 ,
α4 = e1 − e2 ,
α5 = −e1 + 1√2 (e6 − e7) ,
α6 = e4 + e3 .
(8.6)
The subsystem of simple roots
Π1 = {α2, α3, α4, α6} (8.7)
is a system of simple roots of subalgebra so(8).
The Weyl group We6 of R(e6) is generated by Wso(8) (5.3) and by the reflections sα1 , sα5
We6 = {Wso(8) , (e1 ↔ −e1 , e6 ↔ e7) , (ej ↔ −ej , j = 1, . . . , 6)} . (8.8)
The defined below λ1 (8.17) is an element from We6
The simple roots (8.6) define the fundamental Weyl chamber
C = {u ∈ H |u1 > u2 > u3 > u4 > 0 , u5 − u6 >
√
2
4∑
j=1
uj , u6 − u7 >
√
2u1} .
The minimal root is
α0 = −1
2
(e4 + e3 + e2 + e1)− 1√
2
(e5 − e7) (8.9)
= −(α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6) .
Then
Calc = {u ∈ H | u1 > u2 > u3 > u4 > 0 , (8.10)
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u5 − u6 >
√
2
4∑
j=1
uj , u6 − u7 >
√
2u1 ,
1
2
4∑
j=1
uj +
√
2(u5 − u7) < 1} .
The subset of positive roots corresponding to Πe6 assumes the form
R+(e6) = R
+(so(8))∪ (PL+ 1√
2
(e5− e7))∪ (PR+ 1√
2
(e5− e6))∪ (P V + 1√
2
(e6− e7)) . (8.11)
This data allows one to construct the Chevalley basis in e6.
It follows from (8.6) that the root lattice of e6 is
Q(e6) = Q(so(8)) + Z(−e1 + 1√
2
(e6 − e7)) + Z(1
2
(e4 − e3 − e2 − e1) + 1√
2
(e5 − e6)) . (8.12)
The fundamental weights dual to Πe6 (8.6) are

̟1 =
√
2
3 (2e5 − e6 − e7) = 13 (4α1 + 5α2 + 6α3 + 4α4 + 2α5 + 3α6), ,
̟2 =
1
2 (e1 + e2 + e3 − e4) + 13√2(5e5 − e6 − 4e7) =
1
3 (5α1 + 10α2 + 12α3 + 8α4 + 4α5 + 6α6) ,
̟3 = e1 + e2 +
√
2(e5 − e7) = 2α1 + 4α2 + 6α3 + 4α4 + 2α5 + 3α6 ,
̟4 = e1 +
1
3
√
2
(4e5 + e6 − 5e7) = 13(4α1 + 8α2 + 12α3 + 10α4 + 5α5 + 6α6) ,
̟5 =
√
2
3 (e5 + e6 − 2e7) = 13 (2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6) ,
̟6 =
1
2 (e1 + e2 + e3 + e4) +
1√
2
(e5 − e7) = α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6 .
(8.13)
The vector ρe6 takes the form ρe6 = ρso(8)+
8√
2
(e5 − e7) = 3e1 +2e2 + e3+ 8√2(e5 − e7) and
since h = 12
κe6 =
1
12
ρso(8) +
2
3
√
2
(e5 − e7) = 1
4
e1 +
1
6
e2 +
1
12
e3 +
2
3
√
2
(e5 − e7) . (8.14)
The weight lattice P (e6) is generated by the root lattice Q(e6) (8.15) and one of the funda-
mental weights ̟k (k = 1, 2, 4, 5)
P (e6) = Q(e6) + Z̟1 . (8.15)
The factor group P/Q being isomorphic to the center of the universal covering group E6 is
P (e6)/Q(e6) ∼ µ3 . (8.16)
It follows from (8.9) that the fundamental alcove (8.10) has the vertices
Calc = (0,̟1,
1
2
̟2,
1
3
̟3,
1
2
̟4,̟5,
1
2
̟6) .
The transformation λ1 ∈ ΓCalc generated by ̟1 acts on the extended Dynkin diagram as
λ1 =


α1 → α0 ,
α2 → α6 ,
α3 → α3 ,
α4 → α2 ,
α5 → α1 ,
α6 → α4 ,
α0 → α5 ,
e1 → 12 (e1 + e2 + e3 − e4) ,
e2 → 12 (e1 + e2 − e3 + e4) ,
e3 → 12 (e1 − e2 + e3 + e4) ,
e4 → 12 (e1 − e2 − e3 − e4) ,
e5 → e6 ,
e6 → e7 ,
e7 → e5 .
(8.17)
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❢
✈
✇✇
✙
✰
❖
❑
α1 α2 α3 α4 α5
α6
α0
Fig.7 e6, λ1
Note that being restricted on so(8) λ acts on the fundamental weights as
̟V → ̟R → ̟L .
Chevalley basis
We start with the Chevalley basis in subalgebra so(8). It is generated by the canonical basis
(e1, e2, e3, e4) in H(so(8)) and the root subspaces
αjk = (ej − ek)→ Ej,k , j 6= k , 〈κe6 , αjk〉 = j−k12 ,
αj,k+4 = (ej + ek)→ Ej,k+4 , j 6= k , 〈κe6 , αjk〉 = j+k−812 ,
αj+4,k = (−ej − ek)→ Ej+4,k , j 6= k, k + 4 , j 6= k , 〈κe6 , αjk〉 = −j−k+812 , .
(8.18)
The root subspaces in R(e6) \ R(so(8)) are representations 2 × 8L + 2 × 8R + 2 × 8R of so(8)
(8.5)
αLa,± = (̟
L
a ±
1√
2
(e5 − e7))→ ELa,± , a = 1, . . . , 8 , 〈κe6 , αLa,±〉 = ±
2
3
+ 〈κso(8),̟La 〉 ,
αRa,± = (̟
R
a ±
1√
2
(e5 − e6))→ ERa,± , a = 1, . . . , 8 , 〈κe6 , αRa,±〉 = ±
1
3
+ 〈κso(8),̟Ra 〉 , (8.19)
αVa,± = (̟
V
a ±
1√
2
(e6 − e7))→ EVa,± , a = 1, . . . , 8 〈κe6 , αVa,±〉 = ±
1
3
+ 〈κso(8),̟Va 〉 .
It follows from (8.2) that −̟L,R,Va is again a spinor weight of the same type. We denote by
EAa,± the Chevalley generator related to ̟Aa .
The Killing form in the Chevalley basis assumes the form
(ej , ek) = δj,k , (Ej,k, El,m) = δk,lδj,m , (j, k = 1, . . . , 4) ,
(EAa,±, E
B
b,∓) = δa,−bδ
A,B , A,B = L,R, V . (8.20)
GS basis
Consider the Weyl action λ1 (8.17) on the root spaces of e6. It easy to see that λ1 preserves
so(8) and therefore J in (8.4).
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GS basis in so(8).
Consider the action of λ1 on so(8). Note first, that an orbit of λ1 that does not contains the
minimal root is Π1 (8.7). It is a basis in the Cartan subalgebra H(so(8)). Since λ
3
1 = 1
H(so(8)) = H˜0 + H1 + H2 , λ1Hj = ω
jHj , ω = exp
2πi
3
. (8.21)
Here H˜0 is a Cartan subalgebra in g˜0. The basis Π˜
∨ of simple coroots is
Π˜∨ = {α˜∨3 =
2∑
k=0
λkα3 = 3α3 = 3(e2 − e3) , α˜∨2 =
2∑
k=0
λkα2 = (e1 − e2 + 2e3)} . (8.22)
The dual system is a system of simple roots of g2
Π˜ = {α˜3 = 1
3
(e2 − e3) , α˜2 = 1
3
(e1 − e2 + 2e3)} . (8.23)
In this basis the positive g2 roots are
R˜+(g2) = (Π˜ ,
1
3
(2, 1, 1, 0) ,
1
3
(1, 2,−1, 0) , 1
3
(1, 1, 0, 0) ,
1
3
(1, 0, 1, 0)) . (8.24)
It is convenient to pass from the coroot basis Π˜∨ in H(g2) to the canonical basis (e1, e2, e3)
u˜ = u1e1 + u2e2 + u3e3 , u1 = u2 + u3 , (u4 = 0) . (8.25)
According with (8.21) the GS basis in H(so(8)) is generated by (8.25) and by{
h1α2 = { 1√3 (α2 + ωα4 + ω2α6)} = {
1√
3
(ω,−ω, 1 + ω2,−1 + ω2)} ,
h2α2 = { 1√3 (α2 + ω2α4 + ωα6)} = {
1√
3
(ω2,−ω2, 1 + ω,−1 + ω)} . (8.26)
With respect to the λ1 so(8) is decomposed as
so(8) = g2 ⊕ 7⊕ 7′ , λ1(g2) = g2 , λ1(7) = ω · 7 , λ1(7′) = ω2 · 7′ , (8.27)
where 7, 7′ are fundamental representations of g2.
According with the gradation we have the following gradation of the root spaces
g2 7 7
′
E012 = E12 + E34 + E35 t
1
12 =
1√
3
(E12 + ωE34 + ω
2E35) t
2
12 =
1√
3
(E12 + ω
2E34 + ωE35)
E013 = E13 + E24 + E25 t
1
13 =
1√
3
(E13 + ωE24 + ω
2E25) t
2
13 =
1√
3
(E13 + ω
2E24 + ωE25)
E014 = E14 + E15 + E26 t
1
14 =
1√
3
(E14 + ωE15 + ω
2E26) t
2
14 =
1√
3
(E14 + ω
2E15 + ωE26)
E023 = E23 , E
0
16 = E16 , t
1
(2,3,4),1 , h
1
α2 t
2
(2,3,4),1 , h
2
α2
E017 = E17
Table1. GS basis in so(8).
The roots of so(8) that parameterized the GS basis are
(e1 − em)→ ta1,m , (em − e1)→ tam,1 .
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The left column of table 5 contains seven positive root subspaces of g2. In particular, E
0
23 = E˜α3
and E012 = E˜α2 .
The Killing form on g2 is the canonical form on H(g2), and for the root subspaces non-
vanishing elements are
(E012, E
0
21) = (E
0
13, E
0
31) = (E
0
14, E
0
41) = 3 , (8.28)
(E023, E
0
32) = (E
0
16, E
0
61) = (E
0
17, E
0
71) = 1 .
For rest generators of the GS basis in so(8) we have
(h1α2 , h
2
α2) = 2 , (t
k1
jk, t
k2
lm) = δ
(k1+k2,0)δj,mδk,l . (8.29)
GS basis in J .
The basis in the Cartan part of J
H(J ) = {u5e5 + u6e6 + u7e7 , u5 + u6 + u7 = 0} .
is transformed as λ1(e5) = e7 , λ1(e6) = e5 , λ1(e7) = e6.
The basis EAa,± (8.19) is transformed as
λ1 : E
L
a,+ → EVa,− → ERa,− , ELa,− → EVa,+ → ERa,+ .
There are 16 orbits of this type in J . Thus, the GS basis in J takes the form
tka,+ =
1√
3
(ELa,+ + ω
kEVa,− + ω
2kERa,−) , (8.30)
tka,− =
1√
3
(ELa,− + ω
kEVa,+ + ω
2kERa,+) , (k = 0, 1, 2) ,
hk5 =
1√
3
(e5 + ω
ke6 + ω
2ke7) , (k = 1, 2) .
Here t0a,5,7, t
0
a,7,5 generate the GS basis in V (5.29.I).
The Killing form is
(tk1a,+, t
k2
b,−) = δa,−bδ
(k1+k2,0) , (hk15 , h
k2
5 ) = δ
(k1+k2,0) . (8.31)
In summary, under the λ1 action e6 is decomposed as
e6 = g0 + g1 + g2 , (8.32)
where
g0 = g2 + V , V = {t0a,+ , t0a,−} , dim V = 16 .
The λ1-invariant subalgebra g0 is isomorphic to so(8)+2×1. It is obtained from the e6 extended
Dynkin diagram (Fig.7) by dropping out three vertices α0, α1 and α5 .
The subspaces g1 and g2 have the GS basis of the form
g1 =
{
t1a,+ , t
1
a,− , h
1
5 h
1
α2 , t
1
1,(2,3,4) , t
1
(2,3,4),1
}
, (8.33)
38
g2 = {t2a,+ , t2a,− , h25 , h2α2 , t21,(2,3,4) , t2(2,3,4),1} .
In correspondence with (8.32) we have
78 = 30 + 24 + 24 .
The form of the dual basis (5.9.I), (5.15.I) follows from (8.29), (8.31)
Hkα2 =
1
2
h3−kα2 , T
k
jm = t
3−k
mj , (k = 1, 2) , (8.34)
Tka,+ = t
3−k
−a,− , T
k
a,− = t
3−k
−a,+ , (k = 1, 2) ,
Hk5 = h
3−k
5 , (k = 1, 2) .
Lax operators and Hamiltonians
Trivial bundles
The moduli space of trivial G¯ = E6 bundles is the quotient
He6/(We6 ⋉ (τQ(e6) +Q(e6)) ,
where We6 is defined in (8.8) It means in particular that u ∈ He6 is defined up to the shifts
u ∼ u+ τγ1 + γ2 , γ1,2 ∈ Q(e6) . (8.35)
where Q(e6) is (8.12).
The moduli space of trivial Gad = E6/µ3 bundles is the quotient
He6/(We6 ⋉ (τP (e6) + P (e6))) .
It means that
u ∼ u+ τγ1 + γ2 , γ1,2 ∈ P (e6) , (8.36)
and P (e6) is (8.16).
For trivial bundles the Lax operator takes the form
LCMe6 (z) = L
CM
so(8) +
7∑
j=5
(vj + S0,jE1(z))ej + (8.37)
8∑
a=1
(
SLa,+φ((u,̟
L
a ) +
1√
2
(u5 − u7), z)ELa,+ + SLa,−φ((u,̟La ) +
1√
2
(u7 − u5), z)ELa,−+
SRa,+φ((u,̟
R
a ) +
1√
2
(u5 − u6), z)ERa,+ + SRa,−φ((u,̟Ra ) +
1√
2
(u6 − u5), z)ERa,−+
SVa,+φ((u,̟
V
a ) +
1√
2
(u6 − u7), z)EVa,+ + SVa,−φ((u,̟Va ) +
1√
2
(u7 − u6), z)EVa,−
)
.
After symplectic reduction with respect to the action of the Cartan subgroup we come to
integrable E6 hierarchy with two types of moduli space (8.35), (8.36). The quadratic Hamiltonian
is
HCMe6 = H
CM
so(8) +
1
2
7∑
j=5
v2j +
8∑
a=1
(
SLa,+S
L
−a,−E2((u,̟
L
a ) +
1√
2
(u5 − u6)) (8.38)
SRa,+S
R
−a,−E2((u,̟
R
a ) +
1√
2
(u5 − u6)) + SVa,+SV−a,−E2((u,̟Va ) +
1√
2
(u6 − u7))
)
.
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Nontrivial bundles
The moduli space.
Now u = u˜ ∈ H(g2)
u˜ = u1e1 + u2e2 + u3e3 , u1 = u2 + u3 . (8.39)
More exactly, u˜ belongs to fundamental domains with respect to action of affine Weyl group
corresponding to g2. The Weyl group Wg2 is isomorphic to the dihedral group of order 12 with
two generators
(u1, u2, u3)→ (u1, u3, u2) ,
 u1u2
u3

→ 1
3

 2 1 −21 2 2
−2 2 −1



 u1u2
u3

 .
The invariant root sublattice Q˜∨ = Q∨(g2) coincides with P˜∨ = P∨(g2). From (8.22) we
find
Q˜∨(g2) = {m2e1 + (3m3 −m2)e2 + (2m2 − 3m3)e3 |m2,m3 ∈ Z} .
Then the moduli space of nontrivial E6 bundle is defined as
H(g2)/(Wg2 ⋉ (τQ˜
∨(g2) + Q˜∨(g2))) . (8.40)
In other words
u1 ∼ u1 + τm2 +m′2 , u2 ∼ u2 + τ(3m3 −m2) + 3m′3 −m′2 ,
u3 ∼ u3 + τ(2m2 − 3m3) + 2m′2 − 3m′3 , m2,3 ∈ Z .
The Lax operators
According with (8.32) L(z) = L˜0(z) + L
′
0(z) + L1(z) + L2(z). Here L˜0(z) = L
CM
g2
(z). Let
v˜ = (v1, v2, v3) (v1 = v2 + v3) be the Poisson dual vector to u˜ (8.39). Following to (8.24) and
table 5 we find
LCMg2 (z) =
3∑
j=1
(vj+S0,jE1(z))ej +S
0
12φ(
1
3
(u1−u2+2u3), z)E012+S021φ(
1
3
(−u1+u2−2u3), z)E021
+S023φ(
1
3
(u2−u3), z)E023+S032φ(
1
3
(u3−u2), z)E032+S016φ(
1
3
(u1+u3), z)E
0
16+S
0
61φ(
1
3
(−u1−u3), z)E061
+S017φ(
1
3
(u1 + u2), z)E
0
17 + S
0
71φ(
1
3
(−u1 − u2), z)E071 + S014φ(
1
3
(2u1 + u2 + u3), z)E
0
14
+S041φ(
1
3
(−2u1−u2−u3), z)E041+S013φ(
1
3
(u1+2u2−u3), z)E013+S031φ(
1
3
(−u1−2u2+u3), z)E031 .
Define ϕkβ (6.14.I)
ϕkβ(u˜, z) = e
(
〈κe6 , β〉z
)
φ(〈u˜+ κe6τ, β〉+ k/3, z) , (k = 0, 1, 2) ,
where β = αjk and 〈κe6 , β〉 (8.18), or β = αL(±a,±) and 〈κe6 , β〉 (8.19).
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Then following (6.15.I) and (6.17.I) we find
L′0(z) =
8∑
a=1
(
S0a,−ϕ
0
αL
(−a,−)
(−u˜, z)t0a,+ + S0a,+ϕ0αL
(a,+)
(−u˜, z)t0a,−
)
,
and for k = 1, 2
Lk(z) = S
3−k
5 φ(k/3, z)h
k
5+S
3−k
α2 φ(k/3, z)h
k
α2+
4∑
m=2
(S3−km,1 ϕ
k
α1,m(−u˜, z)tk1,m+S3−k1,m ϕkαm,1(−u˜, z)tkm,1)+
8∑
a=1
(S3−k−a,−ϕ
k
αL
(a,+)
(−u˜, z)tka,+ + S3−k−a,+ϕkαL
(a,−)
(−u˜, z)tka,−) .
After the symplectic reduction we come to the integrable system with quadratic Hamiltonian
He6 = H
CM
g2
+H ′0 +H1, where H
′
0 is defined by
1
2tr(L
′2
0 ), H1 by tr(L1L2), and
HCMg2 =
1
2
3∑
j=1
v2j − 3S012S021E2(
1
3
(u1 − u2 + 2u3))− S023S032E2(
1
3
(u2 − u3))
−S016S061E2(
1
3
(u1 + u3))− S017S071E2(
1
3
(u1 + u2))− 3S014S041E2(
1
3
(2u1 + u2 + u3))
−3S013S031E2(
1
3
(u1 + 2u2 − u3)) ,
H ′0 = −
8∑
a=1
SLa,+S
L
−a,−E2(̟
L
a , u˜) ,
−H1 = (S15S25 + 2S1α2S2α2)E2(1/3) +
4∑
m=2
(S1m,1S
2
1,m + S
1
1,mS
2
m,1)E2(u1 − um)+
8∑
a=1
(S1a,−S
2
−a,+ + S
1
a,+S
2
−a,−)E2(̟
L
a , u˜) .
9 E7 .
Roots and weights
The Cartan subalgebra can be identified with the space He7 = {u ∈ C7}. The root system
R(e7) is related to the root system R(e6) (8.3) as follows
R(e7) = R(e6) ∪ ±(
√
2ei+4 , i = 1, 2, 3) (9.1)
∪(PR ± 1√
2
(e5 + e6)) ∪ (P V ± 1√
2
(e6 + e7)) ∪ (PL ± 1√
2
(e5 + e7)) =
R(e6) ∪ {α+i+4 , αV,+a,± , αR,+a,± , αL,+a,± } , (a = 1, . . . , 8 , i = 1, 2, 3)
(compare with (8.3)). Then ♯(R(e7)) = 72+6+3×16 = 126 and dim e7 = rank e7+♯(R(e7)) =
133.
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The basis of simple roots can be chosen as
Π =


α1 =
1
2(e4 − e3 − e2 − e1) + 1√2 (e5 − e6) ,
α2 = e3 − e4 ,
α3 = e2 − e3 ,
α4 = e1 − e2 ,
α5 = −e1 + 1√2 (e6 − e7) ,
α6 = e4 + e3 ,
α7 =
√
2e7 .
(9.2)
The subsystem of simple roots
Π1 = {αi , i = 1, . . . 6} = Π(e6) (9.3)
is a system of simple roots of subalgebra e6. It follows from (9.1) that the positive roots,
corresponding to Π is
R+(e7) = R
+(e6) ∪ (
√
2ei+4 , i = 1, 2, 3)
∪(PR + 1√
2
(e5 + e6)) ∪ (P V + 1√
2
(e6 + e7)) ∪ (PL + 1√
2
(e5 + e7))
Then the root lattice takes the form
Q(e7) = Q(e6)+Z
√
2e7+Z(−e1+ 1√
2
(e6+ e7))+Z(
1
2
(e1− e2− e3− e4)+ 1√
2
(e5+ e6)) . (9.4)
The simple roots (9.2) define the fundamental Weyl chamber C = {u ∈ H | 〈u, α〉 > 0 , α ∈
Π(e7)}.
The minimal root is
α0 = −
√
2e5 = −(2α1 + 3α2 + 4α3 + 3α4 + 2α5 + 2α6 + α7) . (9.5)
The root system Re7 is self-dual and the corresponding Dynkin diagram is simply-laced.
The half-sum of the positive roots ρe7 = 3e1+2e2+e3+
1√
2
(17e5+9e6+e7) can be expressed
in terms of roots of subalgebras e6 or f4 (see below)
ρe7 = ρe6 +
9√
2
(e5 + e6 + e7) = ρf4 +
1
4
(3e1 + e2 + e3 − e4) + 5
2
√
2
(e5 − e7) ,
where ρf4 =
1
4(9, 7, 3, 1,
11
2
√
2
, 0,− 11
2
√
2
). The Coxeter number is equal to h = 18. Then
κe7 =
1
18
κf4 +
1
72
(3e1 + e2 + e3 − e4) + 5
36
√
2
(e5 − e7) , (κf4 =
1
18
ρf4) . (9.6)
We define the fundamental weights dual to Π (9.2)
̟1 =
√
2e5 = 2α1 + 3α2 + 4α3 + 3α4 + 2α5 + 2α6 + α7 ,
̟2 =
1
2(e1 + e2 + e3 − e4) + 13√2(5e5 − e6 − 4e7)
= 12(4α1 + 8α2 + 12α3 + 9α4 + 6α5 + 7α6 + 3α7) ,
̟3 = e1 + e2 +
√
2(e5 − e7) = 3α1 + 6α2 + 8α3 + 6α4 + 4α5 + 4α6 + 2α7 ,
̟4 = e1 +
1
3
√
2
(4e5 + e6 − 5e7) = 4α1 + 8α2 + 12α3 + 9α4 + 6α5 + 6α6 + 3α7 ,
̟5 =
√
2(e5 + e6) =
1
2(6α1 + 12α2 + 18α3 + 15α4 + 10α5 + 9α6 + 5α7) ,
̟6 =
1
2(e1 + e2 + e3 + e4) +
1√
2
(e5 − e7)
= 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 2α7 ,
̟7 =
1√
2
(e5 + e6 + e7) =
1
2(2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 3α7) .
(9.7)
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It follows from (9.7) that
P (e7) = Q(e7) + Z̟7 . (9.8)
and the factor-group P (e7)/Q(e7) is isomorphic µ2.
The minimal root (9.5) defines the vertices of the fundamental alcove
Calc = (0,
1
2̟1,
1
3̟2,
1
4̟3,
1
3̟4,
1
2̟5,
1
2̟6,̟7). Then ̟7 generates λ7
λ7 =


α1 → α5 ,
α2 → α4 ,
α3 → α3 ,
α4 → α2 ,
α5 → α1 ,
α6 → α6 ,
α7 → α0 ,
α0 → α7 ,
e1 → 12(e1 + e2 + e3 − e4) ,
e2 → 12(e1 + e2 − e3 + e4) ,
e3 → 12(e1 − e2 + e3 + e4) ,
e4 → 12(−e1 + e2 + e3 + e4) ,
e5 → −e7 ,
e6 → −e6 ,
e7 → −e5 .
(9.9)
✉ ❞ ❞ ❞ ❞ ❞ ❞
❡
α0 α1 α2
α3
α6
α4 α5 α7
Fig.8 E7, λ7
Chevalley basis
The Lie algebra e7 can be defined in terms of e6 and its representations
e7 = e6 ⊕ I , I = 27⊕ 27⊕ 1 . (9.10)
Here 27 and 27 are two fundamental representations of e6 corresponding to the weights ̟1 and
̟5 (8.13). The scalar 1 corresponds to the generator (e5 + e6 + e7) in the Cartan subalgebra
He7 . It allows us to use in H(e7) the unrestricted canonical basis ej , j = 1, . . . , 7. It follows from
(9.1) that the rest generators correspond to new 54 root subspaces. Similarly to (8.19) they are
α
(L,+)
(a,±) = (̟
L
a ± 1√2 (e5 + e7))→ E
L,+
a,± a = 1, . . . , 8 ,
α
(R,+)
(a,±) = (̟
R
a ± 1√2(e5 + e6))→ E
R,+
a,± , a = 1, . . . , 8 ,
α
(V,+)
(a,±) = (̟
V
a ± 1√2(e6 + e7))→ E
R,+
a,± , a = 1, . . . , 8 ,
±α(+)j = ±
√
2ej → Ej,± , j = 5, 6, 7 .
(9.11)
The positive root subspaces are EA,+a,+ and Ej,+.
The new generators are orthogonal to the e6 generators and (see (A.25.I))
(EA,+a,+ , E
B,+
b,− ) = δa,−bδ
A,B , A,B = L,R, V , (9.12)
(Ej,±, Ek,∓) = δjk .
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GS basis
Since λ27 = 1,
e7 = g0 ⊕ g1 , g0 = g˜0 + V . (9.13)
It follows from (9.10) and Fig. 8 that g0 ∼ e6 + 1 We will prove that g˜0 = f4.
The root subsystem Π1 that does not contain an orbit of λ passing through α0 is Πe6 (9.3).
It follows from (9.9) that the λ7-action on Πe6 takes the form
λ˜7 =


α1 → α5 ,
α2 → α4 ,
α3 → α3 ,
α4 → α2 ,
α5 → α1 ,
α6 → α6 ,
The set of orbits in Π∨1 = Π1 is
Π˜∨ = Π∨1 /µ2 =
(
α˜∨1 = α6 , α˜
∨
2 = α3 , α˜
∨
3 = α2 + α4 , α˜
∨
4 = α1 + α5
)
=
=
(
e4 + e3 , e2 − e3 , e1 − e2 + e3 − e4 , 1
2
(e4 − e3 − e2 − 3e1) + 1√
2
(e5 − e7)
)
. (9.14)
It is the coroot basis in the invariant subalgebra H˜0. The dual root system
α˜1 = e3 + e4 , α˜2 = e2 − e3 , α˜3 = 1
2
(e1 − e2 + e3 − e4) , (9.15)
α˜4 =
1
4
(−3e1 − e2 − e3 + e4) + 1
2
√
2
(e5 − e7) .
defines simple roots of type f4. Then H˜0 = H(f4).
GS basis in e6 subalgebra
Under the λ˜7-action e6 is decomposed as
e6 = f4 ⊕ 26 , (9.16)
where 26 is a fundamental representation of f4. In terms of (9.13) g˜0 = f4 and 26 ⊂ g1.
Let us describe (9.16) in terms of the familiar decomposition (8.4)
e6 = so(8)⊕ J = 28⊕ 50 (9.17)
taking into account the λ˜7-action.
GS basis in so(8)-component.
The so(8) subalgebra is generated by the simple roots (α2, α3, α4, α6). The λ˜7 invariant subsys-
tem (α˜1, α˜2, α˜3) (9.15) forms B3 root subsystem. It implies that
so(8) = so(7) ⊕ 7 , 28 = 21⊕ 7 , (9.18)
λ˜7(so(7)) = so(7) , λ˜7(7) = −7 ,
where 7, is the fundamental representations of so(7).
The 24 root subspaces of so(8) contains 18 root subspaces of so(7). Then according with
the definition of so(8) root subspaces (8.18) we define the GS-basis in so(8).
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so(7) 7
E012 = E12 + E34 t
1
12 =
1√
2
(E12 − E34)
E013 = E13 + E24 t
1
13 =
1√
2
(E13 − E24)
E015 = E15 + E26 t
1
15 =
1√
2
(E15 − E26)
E023 = E23 , E
0
14 = E14 , t
1
j,1 , j = 2, 3, 5
E035 = E35 , E
0
25 = E25 h
1
α2 (9.20)
E016 = E16 , E
0
17 = E17
Table 2. GS basis in so(8).
The left column represents 9 positive root subspaces of so(7), and the right column represents
the root subspaces and a Cartan element in 7. The so(8) roots that parameterized the GS-basis
are
α12 = (e1 − e2)→ t112 , −α12 = (e2 − e1)→ t121 ,
α13 = (e1 − e3)→ t113 , −α13 = (e3 − e1)→ t131 ,
α15 = (e1 + e4)→ t115 , −α15 = (−e1 − e4)→ t151 ,
(9.19)
Consider the embedding of H(so(7)) in H(so(8)). Remember that the basis in H(so(7)) is
(α˜∨k , k = 1, 2, 3). In addition we have the anti-invariant generator
h1α2 =
1√
2
(α2 − α4) = 1√
2
(−e1 + e2 + e3 − e4) , (9.20)
H(so(8)) = H(so(7))⊕ Ch1α2 .
In this way we have defined the λ˜7-action on so(8) component in (9.17). In correspondence with
(9.16) we have
so(7) ⊂ f4 , 7 ⊂ 26 .
GS basis in J -component
Now consider the λ-action on the space J (9.17). It is represented by 48 root subspaces (8.3)
and two elements from H(e6). Let us define the latter generators. They are
h1α1 =
1√
2
(α1 − α5) = 1√
2
(1
2
(e1 − e2 − e3 + e4) + 1√
2
(e5 − 2e6 + e7)
)
(9.21)
and the already defined invariant generator α˜∨4 = 2α˜4 (9.15) that completes H(so(7)) to H(f4).
The λ˜7-action on the the root subspaces takes the form
λ˜7 :
{
(PR ± 1√
2
(e5 − e6))↔ (P V ± 1√2 (e6 − e7)) ,
(PL ± 1√
2
(e5 − e7))↔ (PL ± 1√2 (e5 − e7)) .
Since λ˜7 : ̟
L
4 → −̟L4 = ̟L8 , all roots PL ± 1√2(e5 − e7) are fixed under the λ˜7-action, except
(̟L4 =
1
2(e1 − e2 − e3 + e4)) ± 1√2(e5 − e7). Then from the λ˜7 action on the Chevalley basis in
e6 (8.19) we obtain generators of the GS basis
t
R,k
a,± =
1√
2
(ERa,± + (−1)kEVa,±) , k = 0, 1 ,
t
L,k
4,± =
1√
2
(EL4,± + (−1)kEL8,±) , k = 0, 1 ,
t
L,0
a,± = E
L
a,± , a 6= 4, 8 .
(9.22)
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The µ2-gradation J = J0 ⊕ J1 takes the form
J0 = {
√
2tR,0a,± = Eα˜Ra,± , a = 1, . . . , 8 ,
√
2tL,0a,± = Eα˜La,± , a 6= 4, 8 ,
√
2tL,04,± = Eα˜L4,± , α˜
∨
4 } ,
(9.23)
J1 = {tR,1a,± , a = 1, . . . , 8 , tL,14,± , h1α1} , (9.24)
dim J0 = 31 , dim J1 = 19 .
Here Eα˜Ra,±
are invariant root subspaces constructed from the root subspaces of e6 (8.19). Finally,
by comparing (9.16) and (9.17) we come to the decompositions
f4 = so(7)⊕ J0 , (52 = 21 + 31) , (9.25)
26 = J1 ⊕ 7 , (26 = 19 + 7) , (9.26)
where 7 is represented by the right column in Table 2.
Chevalley basis in f4
In what follows we need the Chevalley basis in f4 (9.25) in terms of the Chevalley basis in e6.
We pass to the canonical basis in H(f4). From (9.14) we find
H(f4) = {u˜ = u1e1 + u2e2 + u3e3 + u4e4 + u5e5 − u5e7} , (9.27)
where
u1 − u2 − u3 + u4 = 0 . (9.28)
In other terms it can be written in the form (see (9.25))
H(f4) = H(so(7))⊕ C(1
2
(−3e1 − e2 − e3 + e4) + 1√
2
(e5 − e7)) . (9.29)
It follows from (9.23), (9.25) that the f4 roots are
R(f4) = R(so(7)) ∪R(J0) , (9.30)
R+(J0) = {α˜Ra,+ =
1
2
(̟Ra +̟
V
a +
1√
2
(e5 − e7)) , α˜La,+ =
1
2
(̟La +
1√
2
(e5 − e7)) , (a 6= 4, 8) , } ,
α˜4 , (9.15) , R
+(so(7)) =
{
α˜j , j = 1, 2, 3, (9.15) ,
1
2
(e1 + e2 − e3 − e4) , 1
2
(e1 + e2 + e3 + e4) , (e1 − e4) , (e2 + e4) , (e1 + e3) , (e1 + e2)
}
.
The so(7) root subspaces are read of from Table 2, while the root subspaces in J0 are defined
in (9.23).
On H(f4) with the basis Hα˜j = α˜
∨
j , j = 1, . . . , 4 (9.14) the Killing form is defined by the f4
Cartan matrix (A.24.I). On L(f4) the Killing form is is
(E023, E
0
32) = (E
0
14, E
0
41) = (E
0
35, E
0
53) = (E
0
25, E
0
52) = (E
0
16, E
0
61) = (E
0
17, E
0
71) = 1 ,
(E012, E
0
12) = (E
0
13, E
0
31) = (E
0
15, E
0
51) = 2 , (9.31)
(tR,0a,+, t
R,0
b,−) = 2δa,−b , (t
L,0
a,+, t
L,0
b,−) = 2δa,−b .
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GS basis in I
Consider the λ˜7-action on the subspace I in (9.10). 55 Chevalley generators in I (9.11) form
the GS basis similarly to (9.22). Then we come to the GS basis
t
R,+,k
a,+ =
1√
2
(ER,+a,+ + (−1)kEV,+a,− ) , k = 0, 1 ,
t
R,+,k
a,− =
1√
2
(ER,+a,− + (−1)kEV,+a,+ ) , k = 0, 1 ,
t
L,+,k
4,+ =
1√
2
(EL,+4,+ + (−1)kEL,+8,− ) , k = 0, 1 ,
t
L,+,k
4,− =
1√
2
(EL,+4,− + (−1)kEL,+8,+ ) , k = 0, 1 ,
t
L,+,k
a,+ =
1√
2
(EL,+a,+ + (−1)kEL,+a,− ) , a 6= 4, 8 , k = 0, 1 ,
tk5,± =
1√
2
(E5,± + (−1)kE7,∓) , k = 0, 1 ,
tk6,+ =
1√
2
(E6,+ + (−1)kE6,−) k = 0, 1 ,
h1e5 =
1√
3
(e5 + e6 + e7) .
(9.32)
The generators with k = 0 form the GS basis in V and with k = 1 along with the GS basis in
26 (9.26) form basis in g1.
Thus, we come to the following GS basis
e7 = f4 ⊕ V ⊕ g1 , (133 = 52⊕ 27⊕ 54) ,
V = {tR,+,0a,± , tL,+,0a,+ , (a 6= 4, 8) , tL,+,04,± , t05,± , t06,+} , (9.33)
g1 =
{
t
R,1
a,± , t
L,1
4,± , t
R,+,1
a,± , t
L,+,1
a,+ , (a 6= 4, 8) , tL,+,14,± ,
t11j , t
1
j1 , (j = 2, 3, 5) , t
1
5,± , t
1
6,+ , h
1
α1 , h
1
α2 , h
1
e5
}
.
The Killing form on the GS generators takes the form
(tR,+,k1a,+ , t
R,+,k2
b,− ) = δa,−bδ
k1+k2,0 , mod(2) , (tL,+,k14,± , t
L,+,k2
4,± ) = δ
k1+k2,0 , mod(2) ,
(tL,k14,± , t
L,k2
4,∓ ) = δ
k1+k2,0 , mod(2) , (tR,k1a,± , t
R,k2
b,∓ ) = δa,−bδ
k1+k2,0 , mod(2) ,
(tL,+,k1a,+ , t
L,+,k2
b,+ ) = δa,−bδ
k1+k2,0 , mod(2) , (a 6= 4, 8) , (t11,j , t1k,1) = δjk , (9.34)
(h1e6 , h
1
e6) = 1 , (t
k1
5,+, t
k2
5,−) = δ
k1+k2,0 , mod(2) , (tk16,+, t
k2
6,−) = δ
k1+k2,0 , mod(2) .
It allows us to define the dual basis (5.9.I)
T
R,+,k
a,+ = t
R,+,k
−a,− , T
R,+,k
a,− = t
R,+,k
−a,+ , T
L,+,k
4,± = t
L,+,k
4,± ,
T
R,k
a,+ = t
R,k
−a,− , T
L,+,k
4,± = t
L,+,k
4,∓ ,
T
L,+,k
a,± = t
L,+,k
−a,∓ , (a 6= 4, 8) , H1e5 = h1e5 =
1√
3
(e5 + e6 + e7) , (9.35)
Tk5,+ = t
k
5,− , T
k
6,+ = t
k
6,− , T
1
1,j = t
1
j,1 , T
1
j,1 = t
1
1,j .
It follows from (9.20) and (9.21) that the scalar product matrix aj,k = (h
1
αj , h
1
αk
) for (j, k = 1, 2)
is the Cartan matrix A2. We need the inverse matrix to define the dual basis (5.15.I)
A = 1
3
(
2 1
1 2
)
. (9.36)
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Thus,
H1α1 =
2
3
h1α1 +
1
3
h1α2 =
1
3
(e5 − 2e6 + e7) , (9.37)
H1α2 =
1
3
h1α1 +
2
3
h1α2 =
1
2
√
2
(−e1 + e2 − e3 − e4) + 1
6
(e5 − 2e6 + e7) . (9.38)
The scalar product (H1αj ,H
1
αk
) is defined by A (9.36), while H1e5 is orthogonal to them.
Lax operators and Hamiltonians
Trivial bundles
The moduli space of trivial G¯ = E7 bundles is the quotient
H(e7)/We7 ⋉ (τ(Q(e7) +Q(e7)) .
The moduli space of trivial Gad = E7/µ2 bundles is the quotient
H(e7)/We7 ⋉ (τ(P (e7) + P (e7)) ,
where P (e7) are defined by the basis (9.8).
For trivial bundles Lax operator takes the form
LCMe7 (z) = L
CM
e6
(z)+
8∑
a=1
∑
A=L,R,V
SA,+a,± φ((u,̟
A
a )±
1√
2
(uj+uk), z)E
A,+
a,± +
∑
j=5,6,7
Sj,±φ(±
√
2uj , z)Ej,± .
Here we have the correspondence L → (j = 5, 7), R → (j = 5, 6), V → (j = 6, 7). In contrast
with e6 there is no restrictions
∑7
k=1 vk =
∑7
k=1 uk = 0.
The Hamiltonian after the symplectic reduction with respect to the H(e7) action assumes
the form
HCMe7 = H
CM
e6
+
4∑
a=1
∑
A=L,R,V
SA,+a,+ S
A,+
a,− E2((u,̟
A
a )+
1√
2
(uj + uk)) +
∑
j=5,6,7
Sj,+Sj,−E2(
√
2uj, z) .
Nontrivial bundles
The moduli space.
The moduli space are described by elements u˜ ∈ H(f4) (9.27). The Weyl group W (f4) is
generated by reflections with respect the planes, orthogonal to simple roots (9.15).
The coroot lattice Q˜∨(f4) is generated by the simple coroots (9.14). The moduli space of
nontrivial E7 bundles is defined as
H(f4)/(W (f4)⋉ (τQ˜
∨(f4) + Q˜∨(f4))) .
F4 Calogero-Moser system.
Represent the Lax operator in the form (6.7.I)
L(z) = L˜0(z) + L
′(z) + L1(z) ,
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where L˜0(z) = L
CM
f4
(z). In defined below expression v˜ = (v1, v2, v3, v4, v5) the momentum vector
satisfies the same restriction as the vector u˜ (9.28). It follows from (9.25) it takes the form
LCMf4 (z) = L
CM
so(7)(z) +
1
4
(
−3(v1 + S0,1E1(z))e1 − (v2 + S0,2E1(z))e2 − (v3 + S0,3E1(z))e3
+(v4 + S0,4E1(z))e4) +
1
2
√
2
((v5 + S0,5E1(z))e5 − (v5 + S0,5E1(z))e7)
)
+
+
8∑
a=1
(
SR,0a,+φ((u˜,̟
R
a ) +
1√
2
u5, z)t
R,0
−a,− + S
R,0
−a,−φ(−(u˜,̟Ra )−
1√
2
u5, z)t
R,0
a,+
)
SL,04,+φ((u˜,̟
L
4 ) +
√
2u5, z)t
L,0
4,− + S
L,0
4,−φ(−(u˜,̟L4 )−
√
2u5, z)t
L,0
4,++
8∑
a6=4
(
SL,0a,+φ((u˜,̟
L
a ) +
√
2u5, z)t
L,0
−a,− + S
L,0
−a,−φ(−(u˜,̟La )−
√
2u5, z)t
R,0
a,+
)
.
We find the corresponding quadratic Hamiltonian
HCMf4 = H
CM
so(7) +
1
2
(
v21 + v
2
2 + v
2
3 + v
2
4 + 2v
2
5
)
+
8∑
a=1
SR,0a,+S
R,0
−a,−E2((u˜,̟
R
a ) +
1√
2
u5) + S
L,0
4,+S
L,0
4,−E2((u˜,̟
L
4 ) +
√
2u5)
+
8∑
a6=4
SL,0a,+S
L,0
−a,−E2((u˜,̟
L
a ) +
√
2u5) .
The Lax operators and Hamiltonians
Define as in the general case (6.14.I) the function
ϕkβ(u˜, z) = e
(
〈κe7 , β〉z
)
φ(〈κe7 − u˜, β〉+ k/2, z) , (k = 0, 1) ,
where κe7 (9.6) and β ∈ R(e7) generating the GS basis. The following R(e7) roots define GS
generators (9.33)
β =
{
α
(L,+)
(a,±) , α
(R,+)
(a,±) , α1j = e1 − ej , (j = 2, 3, 5) , (9.11) , (9.39)
αL(a,±) , α
R
(a,±) (8.19) , ± α(+)j , (j = 5, 6, 7) , (9.19) ,
}
.
Then following (6.15.I) and (6.17.I) from (9.33) we find
L′0(z) =
8∑
a=1
SR,+,0a,± ϕ
0
α
(L,+)
(a,±)
(u˜, z)tR,+,0−a,∓ +
∑
a6=4,8
SL,+,0a,± ϕ
0
α
(L,+)
(a,±)
(u˜, z)tL,+,0−a,∓+
SL,+,04,± ϕ
0
α
(L,+)
(4,±)
(u˜, z)tL,+,04,± + S
0
5,±ϕ
0
±α(+)
(5)
(u˜, z)t05,∓ + S
0
6,±ϕ
0
±α(+)
(6)
(u˜, z)t06,∓ .
L1(z) =
(
S1α1H
1
α1 + S
1
α2H
1
α2 + S
1
e5h
1
e5
)
φ(
1
2
, z)
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8∑
a=1
SR,1a,±ϕ
1
α
(R)
(a,±)
(u˜, z)tR,1a,∓ + S
L,1
4,±ϕ
1
α
(L)
(4,±)
(u˜, z)tL,14,∓
+
8∑
a=1
SR,+,1a,± ϕ
1
α
(R,+)
(a,±)
(u˜, z)tR,+,1−a,∓ +
∑
a6=4,8
SL,+,1a,± ϕ
1
α
(L,+)
(a,±)
(u˜, z)tL,+,1−a,∓+
∑
j=2,3,4,5
(
S11,jϕ
1
α(1,j)
(u˜, z)t1j,1 + S
1
j,1ϕ
1
α(j,1)
(u˜, z)t11,j
)
+
SL,+,14,± ϕ
1
α
(L,+)
(4,±)
(u˜, z)tL,+14,∓ + S
1
5,±ϕ
1
±α(+)
(5)
(u˜, z)t15,∓ + S
1
6,±ϕ
1
±α(+)
(6)
(u˜, z)t16,∓ .
where for H1α1 and H
1
α2 see (9.37) and (9.38).
For the E7 quadratic Hamiltonians we have
He7 = H
CM
f4
+H ′0 +H1 ,
where H ′0 comes from
1
2(L
′2
0 ) and H1 from
1
2(L
2
1). To calculate the Hamiltonians we use (9.34)
and (9.36) for scalar products of the dual Cartan generators H1αj . Then
−H ′0 =
8∑
a=1
SR,+,0a,+ S
R,+,0
−a,− E2(〈α(L,+)(a,+) , u˜〉) +
∑
a6=4,8
SL,+,0a,+ S
L,+,0
−a,−E2(〈α(L,+)(a,+) , u˜〉)+
SL,+,04,+ S
L,+,0
4,− E2(〈α(L,+)(4,+) , u˜〉) + S05,+S05,−E2(〈α
(+)
(5) , u˜〉) + S06,+S06,−E2(〈α
(+)
(6) , u˜〉) .
H1 =
2
3
(
(S1α1)
2 + (S1α2)
2 + S1α1S
1
α2
)
E2
(1
2
)
+ (S1e5)
2E2
(1
2
)
+
8∑
a=1
SR,1a,+S
R,1
−a,−E2(〈α(R)(a,+), u˜+
1
2
〉) + SL,14,+SL,14,−E2(〈α(L)(4,+), u˜〉+
1
2
)
+
8∑
a=1
SR,+,1a,+ S
R,+,1
−a,− E2(〈α(R,+)(a,+ , u˜〉+
1
2
) +
∑
a6=4,8
SL,+,1a,+ S
L,+,1
−a,− E2(〈α(L,+)(a,+) , u˜〉+
1
2
)
+
∑
j=2,3,4,5
S11,jS
1
j,1E2(〈α(1,j), u˜〉+
1
2
) + SL,+,14,+ S
L,+,1
4,− E2(〈α(L,+)(4,+) , u˜〉+
1
2
)
+S15,+S
1
5,−E2(〈α(+)(5) , u˜〉+
1
2
) + S16,+S
1
6,−E2(〈α(+)(6) , u˜〉+
1
2
) ,
where u˜ is defined by (9.27), (9.28).
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